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A b s t r a c t
A d e s c r i p t i o n  is given o f  the measurement o f  pion nucleus t o t a l  
cross sec t io ns  a t  1** e n erg ie s  between 90 and 860 MeV f o r  sL i ,  7Li ,
9Be, 12C, and 6 energ ie s  between 88 and 228 MeV f o r  160. The measure­
ments have been made w i t h  both p o s i t i v e  and n e g a t iv e  p io ns .  The 
r e s u l t s  have been used to  c a l c u l a t e  values f o r  the real  p a r t  o f  the  
forward s c a t t e r i n g  am pl i tude  and f o r  an e f f e c t i v e  pion nucleus coup­
l i n g  co n s ta n t ,  using the method o f  forward  d isp ers io n  r e l a t i o n s .  
C a lc u l a t io n s  o f  the t o t a l  cross sec t io n s  have a ls o  been done w i t h  
var ious  forms o f  o p t i c a l  model,  in c lu d in g  the Laplac ian  and K i s s l i n g e r  
models and the r e s u l t s  compared w i t h  the d a t a ,  and the e f f e c t  o f  more 
r e c e n t l y  proposed m o d i f i c a t i o n s  to these o p t i c a l  models has been
i n v e s t i g a t e d .  A s e m i - c la s s i c a l  model has been used to  e s t im a t e  the
\
e f f e c t  o f  the d i s t o r t i o n  o f  the pion wave due to  the C o u lo m b . f ie ld .
The r e s u l t s  have been compared w i th  o p t i c a l  model c a l c u l a t i o n s  and the  
data .
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^• Introduct  ion
1.1 Background
The pion nucleus i n t e r a c t i o n  has been the o b je c t  o f  much t h e o r e t i c a l  
and exper im enta l  i n v e s t i g a t i o n  f o r  more than the l a s t  twenty years .
Many d i f f e r e n t  aspects o f  the i n t e r a c t i o n  have been s t u d ie d ,  from the  
usual r e a c t i o n ,  t o t a l  and e l a s t i c  d i f f e r e n t i a l  cross s e c t i o n s ,  through  
i n e l a s t i c  s c a t t e r i n g  and p a r t i c l e  em is s ion ,  to e f f e c t s  more p e c u l i a r  to  
the pion nucleus system such as double charge exchange and pion absorp­
t i o n .  The t h e o r e t i c a l  to o ls  used inc lu de  the we l l  known o p t i c a l  model 
and Glauber m u l t i p l e  s c a t t e r i n g  approaches,  and more r e c e n t ly  forward  
d is p e rs io n  r e l a t i o n s  and Chew-Low th eo ry .  The m o t iv a t io n  behind t h i s  
work was to understand the 'mechanics’ o f  the i n t e r a c t i o n  so as to begin  
to use the pion as a means o f  o b t a i n i n g  n u c le a r  s t r u c t u r e  in f o r m a t io n .
An e x t e n s iv e  review o f  t h i s  work has been given by Koltun (See (K0 . 6 9 ) ) .
1 .2 Total  Cross Sect ion  Measurements
Although t o t a l  cross se c t io n s  do not p rov id e  as much d e t a i l e d  
in fo rm at io n  about an i n t e r a c t i o n  as f o r  example,  d i f f e r e n t i a l  cross sec­
t i o n s ,  they do show some o f  the general  f e a tu r e s  over  a range o f  energ ies  
and thus prov ide  a f i r s t  c o n s t r a i n t  on more d e t a i l e d  c a l c u l a t i o n s .
Measurements o f  pion nucleus t o t a l  cross sect io ns  have been made 
s in ce  the e a r l y  days o f  the study o f  the i n t e r a c t i o n .  The var io u s  e x p e r i ­
ments are l i s t e d  in Table  ( 1 .1 )  and some o f  the r e s u l t s  are  shown in F ig .
(A. 1) .
Very l i t t l e  s t r u c t u r e  is shown in the region up to 1 Gev, the on ly  
prominent f e a t u r e  is the so c a l l e d  (33)  resonance around 140 MeV. This resonance
3 3
is c l e a r l y  r e l a t e d  to the spin = 3 / 2 ,  isospin = 3 /2  (J=~ ,T=;r) resonance in 
the pion nucleon system which occurs a t  195 MeV. S t r i c t l y  speaking  
there  is not  a resonance in the pion nucleus system s in ce  none o f  the  
p a r t i a l  waves have phase s h i f t s  which pass through 90°» but  the p a r t i a l
TABLE 1.1
Pion Nucleus T o ta l  Cross Sec t io ns .  Experiments upto 1972
Nuclei Pion Charge Energy 
Range MeV
No. Points Reference
Be,C,A1,Cu +7T 33-68 3 ( s t . s ' O
He +7T 60 ,105 2 (F0 . 5 3 )
C
+
TT 62 1 ( B y .52)
L i , Be,C, 0
A1, Cu,Cd,Pb. TT 85 1 (Ch. 51)
Be,C, 0 TT 1 4 0-4 00 12 ( l g . 5 6 )
He TT 153 1 (Bu.6 2 )
D
+
TT 354-2650 87 ( Ca. 68)
C,A1, Cu,Cd
+
TT 442 1 (Ca.62)
He TT 4 6 5 - 1 160 8 (Ch.65)
Be,C,A1 TT 500-1300 8 ( C r z . 6 5 )
C TT 600-1200 4 (C r .5 7 )
Be ,A l ,Ca TT 970 1 (C r .5 7 )
He TT 970-2260 3 (B r .6 1 )
wave in the tiN system so dominates a l l  the o t h e r  p a r t i a l  waves t h a t  i t  
s t i l l  has a d i s t i n c t  e f f e c t  in the pion nucleus system. However the  
term (33) resonance is used by most authors  and w i l l  be here .  Above 
400 MeV the r e s u l t s  a re  v i r t u a l l y  s t r u c t u r e l e s s  except  in the ttD system 
where some o f  the h ig h e r  ttN resonances do m an i fes t  themselves.
1 .3  Reasons f o r  the Experiment
The method o f  d isp e rs ion  r e l a t i o n s  has long been a p p l i e d  to the  
pion nucleon i n t e r a c t i o n  but  i t  was not  u n t i l  1970 t h a t  a sys te m a t ic  
a p p l i c a t i o n  o f  t h i s  method was made t o  the pion nucleus system. This  
was done by Ericson and Locher,  ( E r . 7 0 ) .  They showed t h a t  a va lue  f o r  
an e f f e c t i v e  pion nucleus coupl ing  constant  could be o b ta in ed  from a f o r ­
ward d isp ers io n  r e l a t i o n  a n a ly s i s  o f  the i n t e r a c t i o n  o f  pions w i t h  T - i  
n u c l e i .  The method invo lved  measuring the area  between the it and tt 
t o t a l  cross sec t io n s  over  the complete energy range. The d i f f e r e n c e  
between the cross sec t ions  is r e l a t e d  to the tt neutron and tt+ neutron  
d i f f e r e n c e ,  ig n o r in g  Coulomb e f f e c t s .  The p r e l i m i n a r y  c a l c u l a t i o n s  o f  
Ericson and Locher showed the va lue  o f  the coupl ing  constant  to be the  
same as the pion nucleon value  ( 0 .0 8 )  w i t h i n  the e r r o r s .  However the  
data on which t h i s  was based was r a t h e r  l i m i t e d  being the tt 9Be t o t a l  cross  
sect io ns  o f  Ignatenko and Crozon and the scaled  ( x ( ~  ) ^ * ^ )  tt 12C o f  the  
same two au thors .  The e f f e c t  o f  the Coulomb i n t e r a c t i o n  was ignored as 
no it data was a v a i l a b l e .  I f  i t  was to be e s t a b l i s h e d  whether  o r  not  the  
coupl ing  constant  had a u n iversa l  va lu e  more data was necessary .
In the same paper i t  was shown t h a t  values f o r  the real p a r t  o f  the  
forward s c a t t e r i n g  ampli tude  could be o b ta in ed  f o r  T=0 n u c le i  from the  
charge averaged cross s e c t io n s .  These values could be checked by 
comparison w i th  r e s u l t s  o b ta ine d  from d i f f e r e n t i a l  cross s e c t io n  measure­
ments, and a ls o  make values a v a i l a b l e  where no such measurements e x i s t e d .  
This is important  i f  c a l c u l a t i o n s  o f  the Coulomb-nuclear  i n t e r f e r e n c e  a re
to be done in a model independent way, s ince  both the real  p a r t  o f  the  
n u c le a r  and Coulomb ampli tudes  must be known. This was the method used 
in the a n a ly s i s  o f  a pion nucleus t o t a l  cross sec t io n  exper iment which 
was done a t  CERN c o n c u r r e n t ly  w i th  the one descr ibed  here (V/i . 7 3 ) .
The exper iment proposed to  be done a t  the R u th er fo rd  Laborato ry  was 
to  measure t t +  and i t  t o t a l  cross sec t io ns  on 6L i ,  7Li , 9Be and 12C in 
th e  energy range 80 to  860 MeV. The lower l i m i t  was s e t  by the e x p e r i ­
mental pion beam co n d i t io n s  (very  low r a t e s ) ,  and the upper was where the  
pion nucleon cross sec t io n s  became n e a r l y  equa l .
The o t h e r  reason f o r  making measurements on the T~0 n u c le i  was t h a t  
they would prov id e  a .check on the procedure f o r  c a l c u l a t i n g  the magni­
tude o f  the Coulomb e f f e c t s  which would have to be e l i m i n a t e d  from the  
T=4 cross sec t io ns  b e fo re  the tT  n u c le a r  d i f f e r e n c e  could be o b t a in e d .
The method which was to  be used employed a standard  o p t i c a l  model to  
de scr ib e  the pion nucleus n u c le a r  i n t e r a c t i o n .  I t  then became c l e a r  
t h a t  not  on ly  would the data p rov ide  a bas is f o r  t e s t i n g  the d is p e rs io n  
r e l a t i o n  p r e d i c t i o n s  but  a ls o  the standard  o p t i c a l  models.
Since the work o f  Watson in 1953 (Wa.53)  var ious forms o f  o p t i c a l  
model have been used to descr ib e  the pion nucleus i n t e r a c t i o n .  Perhaps 
the best  known o f  these is the K i s s l i n g e r  model ( K i .55 )  which has been 
used to  s u c c e s s f u l l y  descr ib e  the d i f f e r e n t i a l  cross sec t io n s  in the  
region up to  100 MeV (See (K0 . 6 9 ) Sect ion  6 ) .  Th is  work rece iv e d  a 
st imulu s  in 1970 w i t h  the  p u b l i c a t i o n  o f  the t t  12C measurements o f  the  
t o t a l  and d i f f e r e n t i a l  cross sec t io n s  by Binon e t  al ( B i . 7 0 )  (See a ls o  
B i . 71) * Many papers have been publ ished  s in ce  comparing t h e o r e t i c a l  
c a l c u l a t i o n s  w i t h  t h is  data.  In p a r t i c u l a r  the work o f  Auerbach and 
Sternheim ( S t . 70) a n d . ( S t . 71) and Dedonder (De.71 )  should be mentioned.  
Auerbach e t  al  have done ex te n s iv e  c a l c u l a t i o n s  w i th  the Kiss 1in g er  
model (A u .6 7 ) and have a ls o  developed a computer code c a l l e d  ABACUS-M
(Au .68) which solved the Klein-Gordon equat ion by the method o f  p a r t i a l  
waves using one o f  a number o f  d i f f e r e n t  o p t i c a l  models as in p u t .  
Parameters f o r  these models were a lso  c a l c u l a t e d  by Auerbach and 
Sternheim ( S t . 71)*  In his paper Dedonder proposed a number o f  m o d i f i c a ­
t io n s  to the standard K i s s l i n g e r  mode.
In 1972 F a ld t  (Fa .7 2a )  showed t h a t  the Laplac ion model (so 
c a l l e d  because o f  the d e l -s q ua red  term o p e r a t in g  on the d e n s i ty  in the  
co o rd in a te  space r e p r e s e n t a t io n )  was p h y s i c a l l y  more reasonable in the  
region o f  the resonance.  A more recen t  development was a suggest ion by 
W i l k in  (Wi. 73a) t h a t  t h i s  lo ca l  p o t e n t i a l  should not  be e v a lu a te d  a t  the  
pion i n c id e n t  energy but  a t  the local  energy a t  which the pion nucleon  
i n t e r a c t i o n  is supposed to  occur.
Another form o f  o p t i c a l  model was used in the a n a l y s is  o f  a re a c t io n  
cross sec t io n  experiment performed a t  the R uther ford  Laboratory  j u s t  
p r i o r  to the one descr ibed  here (See ( A l l . 7 3 ) ) *  This exper iment in vo lved  
measurements in the range 585 -1865 MeV and the o p t i c a l  model was intended  
p a r t i c u l a r l y  f o r  such a h ig h e r  energy region however i t  was decided to  
extend the use o f  t h i s  model in to  the (33)  resonance region to  see how 
good a d e s c r i p t io n  i t  gave.
The aim o f  the exper iment  was thus widened to  in c lu de  the t e s t i n g  
o f  p r e d ic t i o n s  made using some standard and m odi f ied  o p t i c a l  models.
With t h i s  rev ised  aim in view i t  was decided to include measurements on 
an oxygen t a r g e t ,  though these were o n ly  made in the region o f  the (33)  
resonance.
Another area  in which the t o t a l  cross sec t io n  measurements were  
seen to be p a r t i c u l a r l y  r e le v a n t  was t h a t  o f  Coulomb e f f e c t s .  As can 
be seen from Table  ( 1 . 1 )  most o f  the previous work was done w i t h  pions  
o f  o n ly  one p o l a r i t y ,  u s u a l ly  n e g a t iv e .  With t t  a n d 't t  cross s e c t io n s  
a v a i l a b l e  i t  would be p o s s ib le  to t e s t  the p r e d i c t io n s  o f  Coulomb e f f e c t s  
based on o p t i c a l  model c a l c u l a t i o n s  and a ls o  those made by F a ld t  and
P i lk u h n ,  based on a s e m i - c l a s s i c a l  model , f o r  the d i s t o r t i o n  o f  the  
pion wave due to the presence o f  the Coulomb f i e l d  ( F a . 7 2 ) .
The f i n a l  reason f o r  the exper iment was to make a v a i l a b l e  new data
which i t  was hoped would prov id e  a bas is f o r  f u r t h e r  t h e o r e t i c a l  work 
to g iv e  an understanding o f  the pion nucleus i n t e r a c t i o n .
1.4 O u t l in e  o f  t h i s  Thesis
The work descr ibed  here f i t s  in to  a n a tu r a l  sequence, s t a r t i n g  w i th  
the d e t a i l s  o f  the ac tua l  experiment which a re  given in Chapter  2.
Var ious c o r r e c t io n s  had to  be a p p l ie d  to  the data and e r r o r s  c a l c u l a t e d  
b e fo re  the f i n a l  r e s u l t s  were o b ta in e d .  This is descr ibed  in Chapter  3* 
The e v a l u a t io n  o f  the real  p a r t  o f  the forward s c a t t e r i n g  am pli tude  is 
descr ibed  next  s ince  i t  was not dependent on o p t i c a l  model c a l c u l a t i o n s
o f  the Coulomb e f f e c t s .  The o p t i c a l  models are compared w i th  the data
and the e f f e c t s  o f  the m o d i f i c a t i o n s  discussed in Chapter  5. With t h i s  
in fo rm at io n  a v a i l a b l e  c a l c u l a t i o n s  o f  the Coulomb d i f f e r e n c e  w i th  the  
o p t i c a l  models and the s e m i - c la s s ic a l  model are p resented .  This leads 
on to  the e v a l u a t io n  o f  the pion nucleus coupl ing  cons tant  from the 
Coulomb c o r re c te d  r e s u l t s  as given in Chapter  7. In the f i n a l  c hapter  
the conclus ions  are  drawn to g e t h e r  and f u r t h e r  areas o f  work i n d ic a t e d .
2 .  The A p para tu s  and Procedure
^ • * In t ro d u c t io n
In t h i s  chapter  a d e s c r ip t i o n  is given o f  the apparatus used in 
the experiment .  A f t e r  a general  o u t l i n e  o f  the beamline and the  
requirements ,  a more d e t a i l e d  d e s c r i p t io n  is given .  This s t a r t s  w i th  
the product ion  o f  the p io ns ,  t h e i r  t r a n s p o r t  and i d e n t i f i c a t i o n ,  
fo l lo w ed  by the t a r g e t s  used and the transmiss ion  counter  a r r a y ,  and 
f i n i s h e s  w i th  the e l e c t r o n i c s  and data a c q u i s i t i o n  system. The l a s t  
p a r t  o f  the chapte r  descr ibes  the procedure fo l low ed  in s e t t i n g  up 
the beamline and ta k in g  da ta .
2 . 2  The Beam!ine and Required Beam Condit ions
The beamline is shown in F ig .  ( 2 . 1 ) .  I t  was a m odi f ied  vers ion  
o f  an e x i s t i n g  one used to measure pion nucleus t o t a l  re a c t io n  cross 
s e c t io n s .  ( A l l .  73)*
The pions were produced by bombarding an in t e r n a l  t a r g e t  w i th  
the 7 GeV proton beam o f  the synchrot ron  NIMROD a t  the Ruther ford  
L abora tory .  The proton f l u x  on the t a r g e t  was ^  3 x 1 0 ^  protons per  
p u ls e ,  and the d u r a t io n  o f  the beam s p i l l  ^  500 msec.
The lowest  momentum was determined by the need to a dequate ly  
d e f in e  the (3 3) resonance,  and the h ighest  was chosen to be where
•j- 4'
the it p~ir n d i f f e r e n c e  became s m a l l .  This was necessary f o r  the
c a l c u l a t i o n  o f  the pion nucleus coupl ing  constant  ,(See Chapter  7 ) .
Thus the momentum range was chosen to  be 200-1000 MeV/c.
For a good d e te rm in a t io n  o f  the resonance a momentum b i t e  o f  less
than ±3% was necessary.  The divergence had t o  be less than 20 mrad
because o f  the £erenkov counters in the beamline (see Sect ion 2 . 1 0 . 2 ) .
This would r e s u l t  in a beam spot a t  the t a r g e t  o f  4 cm d iam ete r .
3 6The pion f l u x  v>/as re qu ired  to  be 10 to 10 pions per  pu lse  
to g iv e  short  run times w i th o u t  causing losses due to deadt ime e f f e c t s
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in the counters.
2 . 3  Pion Product ion
The pions were produced on a heavy metal t a r g e t ,  p r e -d o m in an t ly
tungsten .  This was used in p re fe re n ce  to  a l i g h t e r  m a t e r i a l  such as
copper due to the g r e a t e r  o v e r a l l  product ion e f f i c i e n c y  when both
pion product ion ra tes  and losses in the t a r g e t  a re  taken in t o  account
2
(See Sect ion 2 . 5 • 1 ) •  The s i z e  o f  t h i s  t a r g e t  was 5 cm by 1 cm and 
i t  was designed so t h a t  i t  could be mechan ica l ly  " f l i p p e d "  in to  the  
c i r c u l a t i n g  beam. The amount and p o s i t io n  o f  the t a r g e t  in the beam 
could be v a r ie d  to  o b ta in  the product ion angle  necessary f o r  each 
momentum.
The pion ra tes  were in good agreement w i t h  the p r e d ic t e d  values  
A 11in cre as in g  from 10 pions per  10 protons on the i n t e r n a l  t a r g e t  a t
£
the lowest momentum, to 10 a t  the h ig hest  momentum (Sw. 7 2 ) .  The
i d e n t i f i e d  pion r a t e ,  was somewhat lower,  (See Sect ion 2 . 6 ) .
2 . A Beam Transport
As the product ion  t a r g e t  was p o s i t io n e d  w i t h i n  the magnet ic  f i e l d  
o f  NIMROD the c a l c u l a t i o n  o f  the  t r a j e c t o r i e s  o f  the pions was com pli ­
cated .  The computat ion necessary was done by C. J. Reason and 
F. J.  Swales using the program NIMDYN and standard  f i e l d  d a ta .  This  
showed t h a t  i t  would not be p o s s ib le  to  produce pions o f  low momenta 
w i t h  t r a j e c t o r i e s  which were symmetr ical  about  the  beam l i n e  a x i s .
This d i f f i c u l t y  arose from r e s t r i c t i o n s  on the in t e r n a l  t a r g e t  p o s i ­
t i o n .  i t  meant t h a t  the low momentum n e g a t iv e  pion beam had an o f f ­
se t  in the ' x '  o r  momentum p lane .
To b r in g  the beam on ax is  downstream o f  the f i r s t  c o l l i m a t o r ,  
the f i e l d  o f  the bending magnet, Ml ,  was ad ju s ted  to  remove the d i s ­
placement e f f e c t ,  and the magnet ic ax is  o f  the quadrupole ,  Q2, was 
s h i f t e d  as i t  was found to  have a g r e a t e r  e f f e c t  on the beam, by
about a f a c t o r  o f  f i v e , t h a n  Q1.
The o v e r a l l  e f f e c t  o f  the Q1Q2M1 combination was to  produce a
focussed and d ispersed  image o f  the product ion t a r g e t  a t  the c o l l i m a t o r .
AP
The r e s o lu t i o n  here was 2-3% /P  a t  FWHH, where P is the beam 
momentum.
The re s t  o f  the magnets in the beam l i n e  acted  as a spectrometer  
where the M2 bending magnet s e le c t e d  the momentum. A Ha l l  p l a t e  
magnetometer was used to  g iv e  ac c u ra te  va lues f o r  the f i e l d  in M2.
(See (Re. 67)  f o r  f u r t h e r  d e t a i l s ) .
/
A l l  the magnets were s tandard R uther ford  Labora tory  equipment.
Owing to  the d i f f e r e n c e  between the  p o s i t i v e  and n e g a t iv e  beams, 
these were t r e a t e d  as s e p ara te  cases.  The two quadrupole doub le ts  
were o p era ted  as focus defocus-defocus focus f o r  the p o s i t i v e  beams 
and focus defocus- focus  defocus f o r  n e g a t iv e  beams. Typ ica l  beam 
envelopes ,  f o r  a momentum o f  550 MeV/c a re  shown in F ig .  ( 2 . 2 ) .
2 . 5  Losses in the Beam Line
2 - 5 - 1  Product ion  T arg e t  Losses
There were severa l  losses in the  beam l i n e  the f i r s t  o f  these
being due to  absorp t io n  in the product ion  t a r g e t  i t s e l f .  The
assumption was made t h a t  the absorp t io n  length could be cons idered  
a constant  f o r  each m a t e r i a l  s in ce  i t  changes only  s lo w ly  between 
200 and 1000 MeV/c and is q u i t e  small .
C a lc u l a t i o n s  showed t h a t  f o r  a tungsten t a r g e t  5 cm long the  
loss was M 7%  whereas f o r  a copper t a r g e t  o f  the same length  i t  
was about 10%. However the product ion  o f  pions w i th  7 GeV 
protons was 37% f o r  tungsten and 27% f o r  copper.  The r a t i o  o f  
the pion product ion e f f i c i e n c y  o f  tungsten to  t h a t  o f  copper was 
1.26 .  These c a l c u l a t i o n s  were f o r  a product ion  angle  o f  2 h °  but
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were t y p i c a l  o f  the va lues o b ta in e d .  (See (Sw. 7 2 ) ) .
2 . 5 * 2  M u l t i p l e  S c a t t e r i n g  Losses
These losses a re  caused by m a t e r i a l s  in the beam l i n e  
in c reas in g  the beam l i n e  e m i t ta n c e .  I t  was found from c a l c u l a ­
t i o n  t h a t  the Bi s c i n t i l l a t o r  was the major  source o f  t h i s  loss  
being f a r  upstream o f  the  t a r g e t .  To reduce losses the beam 
l i n e  was opera ted  in vaccuum f  rom NIMROD down as f a r  as the l a s t  
s h i e l d i n g  w a l l ,  2m. from the  t a r g e t .  The c o r r e c t i o n  f a c t o r  due
to  m u l t i p l e  s c a t t e r i n g  was c a l c u l a t e d  by C. J.  Reason and
2F. J.  Swales, assuming 1 gm/cm o f  m a t e r i a l  in the beam l i n e  
concent ra ted  a t  the  c o l l i m a t o r  p o s i t i o n .
2 . 5 * 3  Decay Losses
A compromise had to  be reached between the beam l i n e  being
as shor t  as p o s s ib le  to  cut  down losses due to pion decay, and
s a t i s f y i n g  the t a r g e t  i l l u m i n a t i o n  requirements which a re  best  
s u i t e d  by a longer beam l i n e .  The compromise length was some 
2m. longer than the minimum p o s s ib l e ,  given the e x i s t i n g  beam 
l i n e .  The decay losses v a r ie d  between 32% a t  1000 MeV/c and 
83% a t  200 MeV/c.
The c o r r e c t io n  f o r  decay losses a f t e r  the l a s t  Eerenkov  
counter  is discussed in Sect ion 3*7*
2 . 6  F in a l  Beam Condit ions
The requirements were l a r g e l y  s a t i s f i e d  by the beam a t  the  t a r ­
g e t .  The momentum b i t e  was ±3% below 700 MeV/c and ±2% above.  The
d isp ers io n  was - 1 . 2  cm/% P f o r  the n e g a t i v e  beam and + 0 .1 3  cm/% P f o r
the p o s i t i v e  beam. The l a t t e r  va lue  was low but necessary to  meet 
the t a r g e t  i l l u m i n a t i o n  c o n d i t i o n .  The beam spot  was less  than k cm 
diam ete r ,  t y p i c a l  values being f o r  1 cm and 3 cm f o r  the n e g a t i v e  and 
p o s i t i v e  beams r e s p e c t i v e l y .
c
At 1 GeV/c th e  i d e n t i f i e d  pion r a tes  were ^  10 , dropping to  15
a t  200 MeV/c. These va lues a re  r a t h e r  lower than the p r e d ic t e d  rates
£> b v
o f  10 to  10 , because o f  the very  low Cerenkov counter  e f f i c i e n c y  a t
the lower momenta. (See Sect ion  2 . 1 0 . 2 ) .
2 . 7  Charpak Counters and Beam P r o f i l e s
The beam p r o f i l e  could e a s i l y  be observed by the use o f  M u l t i - W i r e  
P ro p o r t io n a l  Counters (or  Charpak Counters (Ch. 6 8 ) ) .  These were 
opera ted  in p a i r s  so as to  g iv e  the  p r o f i l e  a long the x and y a x i s .
The se p a r a t io n  o f  the w i re s  was 3 mm though i t  was found t h a t  adequate  
d e f i n i t i o n  was ob ta in ed  using every  o t h e r  w i r e .
One p a i r  o f  counters was p o s i t io n e d  j u s t  a f t e r  the f i n a l  s h i e l d i n g  
w a l l  and the o t h e r  a f t e r  the p a r t i c l e  i d e n t i f i c a t i o n  c o u n te rs ,  j u s t  
before  the f i n a l  beam d e f i n i n g  counters .  This l a t t e r  p a i r  e f f e c t i v e l y  
gave the  p r o f i l e  a t  the t a r g e t .  (See F ig .  ( 2 . 3 ) ) -
When changing any o f  the beam c o n d i t i o n s ,  the p r o f i l e  could be 
checked and i f  a d r i f t  o f f  ax is  had o c cu r red ,  f o r  example due to  an 
e r r o r  in s e t t i n g  the magnet c u r r e n t s ,  the beam could e a s i l y  be 
optim ised  aga in .
2 . 8  Momentum D eterm inat ion
In o rd er  to  t e s t  the  accuracy o f  the  momentum s e l e c t i o n ,  measure-
•f* •* i
ments were made o f  the t t  p and t t  p resonances a t  th re e  momenta as 
shown in Tab le  ( 2 . 1 ) .  The method used was to take the d i f f e r e n c e  o f  
the r e s u l t s  w i th  a po ly thene and a carbon t a r g e t .  These measurements 
were made as p a r t  o f  the normal sequence dur ing  the data t a k i n g .  The 
d i f f e r e n c e s  o f  the p a r t i a l  cross se c t io n s  were c a l c u l a t e d ,  and halved  
before  being e x t r a p o la t e d  to  zero  s o l i d  angle  in the usual way (as 
d escr ibed  in Chapter  3)*
From the t a b le  i t  can be seen t h a t  the agreement w i t h  pub l ished  
t t  p r e s u l t s  is good. This gave conf idence  in the momentum c a l i b r a t i o n  
based on the r e s u l t s  o f  e a r l i e r  users o f  the beam momentum to  b e t t e r
- 1 5  -
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TABLE 2 . 1
Comparison o f  Experimental  C a l i b r a t i o n  Scale w i t h  Publ ished Data
Publ ished Data (MeV/c) C a l i b r a t i o n  Va lu e  (MeV/c)
285-7  ± 1.1 2 8 6 . 0  ± 1.5
719 .7  ± 2 . 0 721.2 ± 2 .9
1002 ± 2 9 9 9 .5  ± 1 .6
than \% using the f l o a t i n g  w i r e  technique .
The Hal l  probe used in the  bending magnets gave a r e p e a t a b i 1i t y
4to  an accuracy o f  a few p a r ts  in 10 .
The o v e r a l l  accuracy o f  the  momentum d e te rm in a t io n  was thus 
about 0 . 5%.
Having achieved s u i t a b l e  beam c o n d i t io n s  i t  was necessary  to  
d e f in e  the beam and i d e n t i f y  the pions .  This was done by a s e r i e s  o f  
s c i n t i l l a t i o n  and ?erenkov counters as descr ibed  in the  next  two 
s e c t io n s .
2 . 9  Beam D e f i n i t i o n
Four s c i n t i l l a t i o n  counters were used to  d e f i n e  the  beam. The 
w i d t h s  were t y p i c a l l y  4 cm. The s c i n t i l l a t o r s  were viewed
by standard RCA 8575 p h o t o m u l t i p l i e r  tubes ( p . m . t . ' s ) .  The beam a t  
the t a r g e t  was thus de f in ed  by the co in c idence  Bi B2. B3 Bi*.
2 . 1 0  P a r t i c l e  I n d e n t ? f i c a t  ion
The beam cons is te d  not  on ly  o f  pions but a ls o  o f  muons and e l e c ­
t r o n s ,  and f o r  p o s i t i v e  beams, protons .  Three methods were employed 
to  d is c r i m i n a t e  a g a in s t  t h i s  background and p o s i t i v e l y  i d e n t i f y  p ions.  
These were t i m e - o f - f 1i g h t ,  a DISC Cerenkov counter  (see Sect ion 2 . 1 0 . 2 )
V
and a gas th res h o ld  Cerenkov counter  (Sec t ion 2 . 1 0 . 3 ) *  The f i r s t  two 
were used a t  a l l  momenta and the t h i r d  inc luded above 500 MeV/c where  
the v e l o c i t i e s  o f  the muons and e le c t r o n s  were close  to  t h a t  o f  the  
pions .
These methods are  described  in more d e t a i l  below.
2 .1 0 . 1  T i m e - o f - F l i  ght
Using the d i f f e r e n c e  in the  t i m e s - o f - f 1 ig h t  o f  p a r t i c l e s  
over the 10 metres between Bi and B2 protons could be r e j e c t e d .  
T i m e s - o f - f 1 ig h t  f o r  protons ranged from 160 to  46 n sec and f o r
i
pions from 41 to  34 n s e c . .  1
-  18 -
2 . 1 0 . 2  DISC Cerenkov Counter
The c o n s t r u c t io n  and o p e ra t io n  o f  the DISC were standard  
(see Ref .  (Me. 62)  and F ig .  ( 2 . 4 ) ) .  Nine p . m . t . ' s  viewed the  
p a r a b o l i c  m i r r o r .  T h e i r  outputs were u s u a l l y  brought-  in to  a 
n i n e f o l d  co in c id en ce ,  except  above 550 MeV/c when a t h r e e f o l d  
coincidence  was used. (See Sect ion 2.14.1 ) .  The n i n e f o l d  
mode provided good r e j e c t i o n  o f  a l l  p a r t i c l e s  o t h e r  than p io ns ,  
and a l l  p a r t i c l e s  w i t h  a d ivergen ce  g r e a t e r  than 20 mrad. The 
p r i n c i p a l  l i q u i d  in the c e l l  was a m ix tu re  o f  water  and g l y c e r i n e .  
The percentage o f  g l y c e r i n e  used a t  each momentum is shown in 
Table  ( 2 . 2 ) .
An axion  scan was done a t  each momentum to  show the p o s i t i o n  
o f  the pion and muon peaks and the beginning  o f  the  e l e c t r o n  peak.  
The axion was se t  a t  the v a lue  o f  th e  pion peak (see F ig .  ( 2 . 5 ) ) »  
The DISC could be moved near to  the t a r g e t  (downstream),  o r  
the s h i e l d i n g  w a l l  (upstream ) ,  o r  out  o f  the path o f  the beam.
When the  gas t h re s h o ld  counter  was being used the DISC was put  in 
the upstream p o s i t io n  so t h a t  muons, i d e n t i f i e d  by i t  would be 
vetoed by the gas t h r e s h o l d ,  as would any pions t h a t  decayed a f t e r  
the  DISC. For th e  lower momenta the DISC alone was s u f f i c i e n t  
t o  i d e n t i f y  the  pions and r e j e c t  the muons, so the gas t h r e s h o ld  
counter  was moved out  o f  the path o f  the beam and the DISC put  as 
c lose  to  the t a r g e t  as p o s s ib le  to reduce the number o f  pions de­
caying a f t e r  i d e n t i f i c a t i o n .
The DISC e f f i c i e n c y  was measured by the r a t i o  B^  _i}D / B j _ 2{ > 
where D is the s ig n a l  from the DISC. I t  v a r i e d  between 0 .1 5  and 
50% f o r  the range 200 -550  MeV/c ( n i n e f o l d )  and was about 70% above 
t h is  va lu e  ( t h r e e f o l d ) .
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TABLE 2 M
Content o f  Disc Cell  a t  Each Momentum
Pion Momentum 
(MeV/c)
Content  
{% G1yceri ne)
1000 T . F . P
8*40 TFP, water
710 TFP, water
625 w a t e r ,  6
550 w a t e r ,  6
**75 6, 14
425 14
39** 1*4,22
362 22
310 35
276 50
245 64
230 92
200 Toluene
2 . 1 0 . 3  Gas Threshold Counter
This is shown in F ig .  ( 2 . 4 ) .  I t s  length was 67 cm. and the  
gas used was e t h y le n e .  The gas pressure was set  a t  each momen-
V
turn so t h a t  the e l e c t r o n s  and muons produced Cerenkov r a d i a t i o n ,  
whereas the slower  pions d id  n o t .  The pressure curve f o r  
1 GeV/c is shown in F ig .  ( 2 . 6 )  and t h i s  is t y p i c a l  o f  the r e s u l t s  
o b ta in e d .  The nominal pressures a re  t a b u la t e d  in Tab le  ( 2 . 3 ) .
A t h in  m i r r o r  a t  ^5°  was used t o  r e f l e c t  the Cerenkov l i g h t  
in to  the s i n g l e  p . m . t .  This was an R.C.A.  developmental  p . m . t .  
type C70133B, necessary to  d e t e c t  the low i n t e n s i t y  Cerenkov 
l i g h t .
The e f f i c i e n c y  was measured in the same way as t h a t  o f  the  
DISC g i v in g  values  from A6 to  10% f o r  the momentum range 550 to  
1000 MeV/c.
As has a l re a d y  been mentioned,  t h i s  counte r  was removed from 
the  beam path f o r  pion momenta below 500 MeV/c where the DISC 
alone  was adequate,  and where very  high gas pressures would have 
been necessary.
The output  from the gas th r e s h o ld  counter  was brought in t o  
a n t i - c o i n c i d e n c e  w i th  the o t h e r  s ig n a ls  to  veto the muons and 
e l e c t r o n s  in the  beam.
The o v e r a l l  p a r t i c l e  i d e n t i f i c a t i o n  a t  the t a r g e t  was a c c u r a te  to  1
if v
p a r t  in 10 . Only pion decays a f t e r  the 1 asrt Cerenkov counter  caused 
any s i g n i f i c a n t  contaminat ion o f  the beam. This e f f e c t  was l a r g e l y  
removed by c a l c u l a t i o n  (See Sect ion 3 * 7 ) .
2 .11 Targets
S ix  d i f f e r e n t  m a t e r i a ls  were used f o r  t a r g e t s ,  f i v e  o f  them f o r  
the t o t a l  cross sec t io n  measurements, and the s i x t h ,  p o ly th e n e ,  f o r  
the momentum d e t e r m in a t io n .  D e t a i l s  o f  the t a r g e t s  a re  given in
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TABLE 2 .3
Nominal Pressures in th e  Gas Threshold  Counter
Pi on Momentum 
(MeV/c)
Pressures  
(psi  e th y le n e )
1000 170
8^0 220
710 305
625 380
550 bOO
-  25 -
Tab le  (2.4 ) .
The f i v e  s o l i d  t a r g e t s ,  6L i , 7L i ,  9Be, C and CH2 were f i x e d  in a 
t a r g e t  h o ld e r  as shown in F ig .  ( 2 . 4 ) .  I t  was p o s s ib le  to  move any 
o f  the  t a r g e t s ,  in c lu d in g  the  empty t a r g e t  h o l d e r ,  i n t o  the beam using  
c o n t r o ls  in the local  c o n t ro l  room (LCR).
Measurements on the l i q u i d  oxygen t a r g e t  were made a f t e r  the o t h e r  
ones had been completed. This t a r g e t ,  designed by the l i q u i d  T a rg e t  
Group a t  the Ruther ford  L a b o ra to ry ,  cons is ted  o f  two i d e n t i c a l  con­
t a i n e r s ,  one f i l l e d  w i t h  l i q u i d  oxygen and the o t h e r  w i th  a i r  F ig .  ( 2 . 7 )  
shows the e s s e n t i a l  f e a t u r e s  o f  the t a r g e t .  As w i th  the s o l i d  t a r g e t s  
e i t h e r  the empty o r  f u l l  t a r g e t  could be moved in t o  the beam by con­
t r o l s  in the LCR.
The oxygen was l i q u i d f i e d  by passing i t  through a l i q u i d  n i t r o g e n  
r e s e r v o i r  ( 7 7 °K ) .  I t  was ma in ta ined  in the t a r g e t  c o n t a i n e r  a t  a 
t emperatu re  o f  90°K and a pressure o f  6 p . s . i .
I n i t i a l l y  blockages o ccu r red ,  caused by contam inat ion  o f  the  
oxygen by the  rubber c o n ta in e rs  in which i t  was s to r e d .  This problem  
was overcome by using a s t e e l  c o n t a in e r .
2 .1 2  The Transmission Counter  Array
The f i n a l  p a r t  o f  the d e t e c t io n  system was the transmiss ion  
counter  a r r a y  and the asso c ia ted  e f f i c i e n c y  counters .  S ix  c i r c u l a r  
counters were used each s u b- tend ing  d i f f e r e n t  s o l i d  angles a t  the  
t a r g e t .  The dimensions o f  the  counters are  given in f a b l e  ( 2 . 5 )  and 
the design o f  the a r r a y  is shown in F ig .  ( 2 . 4  ) .  Each counter  was 
contained in a l i g h t  t i g h t  c e l l ,  the in s id e  o f  which was coated w i t h  
a lum in is ed  mel inex .  Each c e l l  was viewed by a p . m . t .  type RCA8575.
The m e l in ex  was shaped to  f i t  the a p e r t u r e  o f  the p . m . t .  No l i g h t  
guides were used to  avoid  f a l s e  counting from Cerenkov l i g h t  as a 
p a r t i c l e  passed through a l i g h t  gu ide.  As a f u r t h e r  p re cau t io n
TABLE 2 . 4  
D e t a i l s  o f  T a rg e ts  Used
M a t e r i a l Thi ckness 
(cm)
Dens i t y  
(gm/cc)
M o le c u la r  V/eight
16q 5 . 0 1 .149 16 .0
12 C 3 . 0 2 .0 72 12.01
5 . 0 2 .0 7 5
CH 3 - 0 0.919 14.012
5 . 0 0 .920
10 .0 0 .9 2 0
9 Be 2 . 5 1.856 9.01
5 . 0 1.856 ■
7Li 5 . 0 0.535 6 .9 4
6 Li 5 . 0 0 .464 6 .0 0
-  2 7  -
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TABLE 2.5  
Dimensions o f  Transmiss ion  Counters
S c i n t i l l a t o r D iameter  
(cm)
Thi  ckness 
(cm)
D is tan ce  from 
Sc in t  i 1 l a t o r  1
(cm)
1 9 .0 0 7 0.9144 0
2 12.003 0.9195 1.237
3 16.504 0.9449 10.000
4 19-992 0.9728 11.277
5 25 .4 64 0.9855 20 .0 05
6 2 9 .5 0 0 1 .2344 21 .443
a g a in s t  spurious p u lses ,  the outputs /from the  counters were brought  
in to  co inc idence  in success ive p a i r s ,  T i T 2 , T2T 3 e t c .  In t h i s  way 
the e f f e c t  o f  no ise  was l a r g e l y  e l i m i n a t e d .
The a r r a y  was designed f o r  use on the previous exper iment  on t h i s  
beam l i n e ,  and the e f f i c i e n c i e s  o f  the in d i v i d u a l  counters over  t h e i r  
areas were measured by using two small  co u n ters ,  cubes o f  s c i n t i l l a t o r
0 . 4  cm. s i d e ,  E and F, and forming the co inc idences ETF and EF, from 
which the e f f i c i e n c i e s  could be ob ta in ed  ie  e f f i c i e n c y  = ETF/EF.  
T y p i c a l l y  the va lues were 99.95% and were uni form over almost  a l l  o f  
the cou n te r ,  on ly  dropping t o  9 9 - 90% a t  0 .2  cm from the edge.
The e f f i c i e n c i e s  o f  the counters w h i l e  data ta k in g  were measured
by p u t t i n g  two smal l  counters Ei and E2 in the ax is  o f  the beam,
beyond the a r r a y ,  and forming the coincidences B T. T. E E  and 
'  ’  3 1 1 +1 1 2
B Ei E2 . The r a t i o  o f  these q u a n t i t i e s  gave the e f f i c i e n c y  o f  the  
counter  p a i r  T. T.  . I t  a t  no t ime dropped below 99.8%. I t  wasI ! T*
importan t  t h a t  t h i s  e f f i c i e n c y  be high o th erw is e  the  i n e f f i c i e n c y  
would be o f  the same o rd e r  as the a t t e n u a t i o n ,  which could be as small  
as 5 %, so in t ro d u c in g  a s i g n i f i c a n t  e r r o r  i n t o  the p a r t i a l  cross  
s e c t io n s .
The counter  a r r a y  was mounted on a t r o l l e y  which could  be moved 
along the d i r e c t i o n  o f  the  beam a x i s .  U s u a l ly  fo u r  d i f f e r e n t  p o s i ­
t io n s  o f  the vessel  were used and hence measurements a t  20 s o l i d  angles  
were made. The movement was remotely c o n t r o l l e d  from the LCR and the  
p o s i t i o n i n g  was accu ra te  to 0.01 cm. The d is ta n c e  o f  the f i r s t  
counter  from the t a r g e t  v a r i e d  from 30 cm to  90 cm, so the s o l i d  ang le  
range covered was 700-30 mstr .  The lower l i m i t  was set  by the need 
f o r  the s m a l le s t  counte r  to  co n ta in  a l l  o f  the muon cone produced by 
beam pions decaying and the upper l i m i t  by the  phys ical  r e s t r i c t i o n s  
on the d is ta n c e  o f  c lo s e s t  approach o f  the counte r  a r r a y .
This concludes the d e s c r i p t i o n  o f  the beam l i n e .  The next  two 
se ct ions  a re  concerned w i t h  the means by which the data  was c o l l e c t e d .
2 .1 3  E l e c t r o n i c s  and Logic
The e l e c t r o n i c s  used was main ly the M i n i a t u r e  Logic System (MLS) 
designed by R. S. M i lb orrow  o f  the R u th er fo rd  Lab ora to ry .  The s c a le r s  
were the CAMAC type which could handle ra tes  up to 50 MHz. They were 
l in k e d  to  a v is u a l  d i s p l a y  u n i t  so t h a t  the q u a n t i t i e s  o f  i n t e r e s t  
could be observed.  A few o f  the Harwel l  2000 s e r ie s  modules were 
used f o r  s c a l i n g  and d is p l a y i n g  var io us  q u a n t i t i e s  such as the number 
o f  beam bursts and the number o f  p a r t i c l e s  per  b u r s t .  They were  
a ls o  used in the g a t in g  c i r c u i t .
The in fo rm at io n  c o l l e c t e d  and scaled  came p r i n c i p a l l y  from th re e  
sources -  the beam d e f i n i n g  co un ters ,  the p a r t i c l e  i d e n t i f i c a t i o n  
counters  and the transm is s io n  counters .  The s ig n a ls  were routed v ia  
the l o g i c  to  p ro v ide  the req u i re d  q u a n t i t i e s  which were to  be sca le d .  
The var ious  elements a r e  d escr ib ed  in more d e t a i l  below.
2*14 Beam d e f i n i n g  counters and T i m e - o f - F l ?qht
The s ig n a ls  from the f o u r  s c i n t i l l a t i o n  counters were a m p l i f i e d  
and then d i g i t i s e d  by the d i s c r i m i n a t o r s ,  b e fo re  being brought t o  a 
f o u r f o l d  co inc idence  ( c a l l e d  B1) .  This was done in two s ta g e s ,  f i r s t
by combining the s ig n a ls  from B2 , B3 and Bi* and then the  r e s u l t a n t  
s ig n a l  w i t h  t h a t  o f  Bi .  In the l a t t e r  c i r c u i t  th e re  was a v a r i a b l e  
delay  which was ad ju s ted  a t  each momentum to  a l lo w  the t i m e - o f - f 1 ig h t  
d i s c r i m i n a t i o n  a g a in s t  protons.  See F ig .  ( 2 . 8  . a )  f o r  the c i r c u i t  
di agram.
Each o f  the s ig n a ls  from the B counters was gated as is descr ibed  
below ( 2 . 1 4 . 3 ) .
2 . 1 4 . 1  P a r t i c l e  Id e n t i f . i c a t io n C o u n te rs
The DISC was viewed by n in e  p . m . t . ' s  whose s ig n a ls  were
brought to  t h re e  t h r e e f o l d  c o in c id en ces ,  Di D2 D3 , e t c .  When a 
n i n e f o l d  co in c idence  was requ ired  the ou tputs  from these t h r e e  
coincidences  were themselves brought t o  a t h r e e f o l d  co in c id ence .  
The c i r c u i t  was gated a t  t h i s  p o i n t .  I f  a t h r e e f o l d  co inc idence  
was req u i red  ie .  any one o f  t h r e e  in each o f  the t h r e e  s e t s ,  then 
complimentary ou tp uts  ( l o g i c  = 0)  were taken from each p . m . t .  and 
from each t h r e e f o l d  co inc id en c e .  Thus by De Morgan's theorem
( D 1 . D 2 . D 3 ) .  ( D i j . D5.T3g)« CB7.*58• D9)
= ( D i + D 2 + D 3 ) .  ( D ^ + D s + D g ) . (D7+D8+D9)
as r eq u i re d .
The t h r e e f o l d  mode was used when th e  gas th re s h o ld  was 
inc luded ie .  above 500 MeV/c, whereas the n i n e f o l d  mode was 
necessary when the DISC alone  was used.
The gas t h re s h o ld  counter  had a simple c i r c u i t  as o n ly  one 
p . m . t .  was being used. As w i t h  the o t h e r  c i r c u i t s  i t  was gated .  
The c i r c u i t  diagram f o r  these counters is shown in F ig .  ( 2 . 8  . b ) .  
2 * 1 4 . 2  Transmission and E f f i c i e n c y  Counters
The s ig n a ls  from the t ransmiss io n  counters ,  a f t e r  passing  
through the d i s c r im i n a t o r s  and being gated in the usual way, were  
brought to  tw ofo ld  co incidences in ad jace n t  p a i r s  g i v i n g  f i v e  
ou tp u ts .
The e f f i c i e n c y  counters were a ls o  put  in c o in c id en c e .  Thes 
c i r c u i t s  a re  shown in F ig .  (2.  8 ' . c ) .
2 . 1 4 . 3  The Gat ing C? r c u i t
This c i r c u i t ,  shown in P ig .  ( 2 . 8  . d ) ,c ons is ted  p r i m a r i l y  o f  a 
module designed to  g iv in g  a g a t in g  pulse  ( l o g i c  = 1) a f t e r  r e c e i v  
ing a s t a r t  pulse  from NIMROD a t  the beg inning o f  a beam b u r s t ,
B e a m  U c F in  i *Ti m e -  o-f -  F"! j q k f  C i r c u i t ’.
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and to  stop a f t e r  a p res e t  t im e ,  about the d ura t io n  o f  the.beam  
s p i l l ,  500 m.sec.  I t  was p o s s ib le  to  change the f im in g  o f  the  
s t a r t  and stop pulse so as t o ‘ensure t h a t  the gate was on ly  open 
during the ' f l a t  t o p 1 per io d  o f  the beam s p i l l ,  to  g iv e  a constant  
r a t e .  This gate  s igna l  was then fed v i a  a f a n - o u t  to  the  va r io u s  
c i r c u i t s .
The q u a n t i t i e s  which were sca led  a re  shown in T ab le  ( 2 . 6 )
the  important  ones being B1 = B1B2 B3BA which gave the number o f
p a r t i c l e s  a t  the t a r g e t ,  B = B1D*G the number o f  i d e n t i f i e d  pions
and BT.T. the number o f  pions s c a t t e r e d  w i t h i n  the s o l i d  ang le  1 1 +1 3
subtended a t  the  t a r g e t  by the counter  T . .  Other q u a n t i t i e s  
sca led  were the "randoms" (BT.T.  ) .  T . T .  and the instan taneous
I 1 + A IA I I + 1
beam B^T5T6 , where A i n d ic a t e s  a s igna l  delayed by one r a d i o ­
frequency ( R . F . )  cy c le  o f  the a c c e l e r a t o r  (a* 150 n s e c . ) .
The randoms were caused by two p a r t i c l e s  o cc u r r in g  w i t h i n  
the re s o lv in g  t ime o f  the transmiss ion  counter  c o in c id e n c e ,  w i t h  
one o f  the p a r t i c l e s  s a t i s f y i n g  the B T .T .+1 c o n d i t i o n ,  t h a t  is  
being i d e n t i f i e d  as a pion and then being s c a t t e r e d  o u t s id e  the  
t ransmiss ion  counter  p a i r  T j T . + 1 , and the o t h e r  p a r t i c l e  going  
through them.
This e f f e c t  was never  l a r g e ,  being  t y p i c a l l y  0 . 0 2 1  o f  the
BT.T. va lu es .1 1 +1
The o t h e r  q u a n t i t i e s  which were sca led provided  a m oni tor  
on the performance o f  the var ious  counters  and in p a r t i c u l a r  
p e r m i t te d  the c a l c u l a t i o n  o f  t h e i r  e f f i c i e n c e s .
2 . 1 5  Data Acquis i t  ion
The outputs  from the e l e c t r o n i c s  were fed in to  a CAMAC c r a t e  where  
the var io us  q u a n t i t i e s  were sca led .  These q u a n t i t i e s  as w e l l  as being  
disp la yed  on a v is u a l  d i s p la y  u n i t  were fed by means o f  a CAMAC i n t e r f a c e
TABLE 2 . 6  
Q u a n t i t i e s  Scaled
Name o f  q u a n t i t y Symbol
F i r s t  t ransmiss ion
counter T ,
Last  t ransmission
counter Ts
E f f i c i e n c y  counters E.1
Last  t ransmiss ion
counter  pai r V s
On ax is  beam BE T.  T.1 1 +1
Beam passing through
transmiss io n  counter
pa i r B T. T.i i +2
On-ax is beam ( f o r
e f f i  c iency
measurement) BE
Def ined beam a t
t a r g e t B'
Th i rd beam d e f i n  ing
counter
B3
Beam i d e n t i f i e d  by
gas th resh o ld  counter B'G
Beam i d e n t i f i e d  by
DISC B' DISC
I d e n t i f i e d  beam (B) B'G DISC
Randoms <B T i T i + 1 >A T i T i +1
Beam ra te BA V s
to the on l i n e  PDP-8 computer. Here the events were s to red  on 7 t r a c k  
magnetic tape .  This was not  a c u t a l l y  used in the a n a l y s is  but i t  pro­
vided a back-up s t o r e  o f  da ta .  The main output  was v i a  a t e l e t y p e .
The program PION, w r i t t e n  by V. Rajaratman and C. J.  B a t t y ,  c a l c u l a t e d  
the va r io u s  e f f i c i e n c i e s  and the p a r t i a l  cross sec t io ns  and then p r i n t e d  
these ,  a long w i t h  the s c a l e r  con ten ts .  The main q u a n t i t i e s  c a l c u l a t e d  
are  those in T ab le  ( 2 . 7 ) *  Thus i t  was po s s ib le  to  check a t  the end 
o f  each run,  o r  by i n t e r r o g a t i o n  o f  the computer dur ing  a run, t h a t  
t h e re  was no d r a s t i c  change in the e f f i c i e n c e s  o f  the counters o r  o f  
the beam c o n d i t i o n .  F lu c t u a t i o n s  in the  beam c o n d i t i o n s ,  e r r o r s  in 
s e t t i n g  up or  m a l fu n c t io n in g  o f  equipment could e a s i l y  be d e tec te d  and 
c o r r e c t e d  f o r .  As a f u r t h e r  check the p a r t i a l  cross sec t io n s  were 
p l o t t e d  out  a t  the end o f  each run. This showed up any sys te m a t ic  
d i f f e r e n c e s  between data taken w i t h  the t ransm iss ion  counters in 
d i f f e r e n t  p o s i t io n s  and where a d iscrepancy was obvious the measure­
ment was repeated .
These p a r t i a l  cross sec t io n s  formed the raw data  to which va r io u s  
c o r r e c t i o n s  were a p p l ie d  b e fo re  the f i n a l  t o t a l  cross sec t io n s  were 
o b ta in e d ,  as is descr ibed  in th e  next  chapter .
2 .1 6  Procedure
Before  data ta k in g  was s t a r t e d ,  the vo l tages  on the p . m . t . ' s  were  
set  to  the va lues o f  the E .H .T .  p la t e a u s .  This ensured s t a b l e  
e f f i c i e n c i e s  over a range o f  H . T . ' s  and a good s ig n a l  to  no ise  r a t i o .
The e l e c t r o n i c s  was s u i t a b l y  "t imed  in "  to  s a t i s f y  the co in c id ence  
requi  rements.
For a p a r t i c u l a r  run,  the magnet cu r ren ts  were set  a t  t h e i r  
c a l c u l a t e d  values and the in t e r n a l  t a r g e t  a t  the p re d ic te d  rad ius and 
az imuth.  The r e s u l t i n g  beam p r o f i l e s  were observed on the Charpak 
counters ( c f  Sect ion 2 . 7 )  and any necessary adjustments  made t o  the
TABLE 2 . 7
Q u a n t i t i e s  c a l c u l a t e d  by the o n - l i n e  computer
D esc r ip t io n Symbol
F ra c t io n  o f  the  
transmi t t e d  beam 
due to randoms (BT. T.  • ) *  T -T - , / B T .  T. , i i + i  A i i + i  i i + i
Transmission  
e f f i c i e n c y  o f  
counter  pai r i , i + i BE T. T.  , /BE  i 1+1
T ransmi ss i on 
r a t i o  a B T. T. /Bi i+ i
R a t io  o f  t a r g e t  
in to t a r g e t  
out t ransmission  
r a t i o a .  / a  „ i n out
P a r t i a l  cross  
se c t io n a
E r ro r  on p a r t i a l  
cross sec t io n A a
E f f i c i e n c y  o f
th re sh o ld
counter B'G/B'
i n e f f i c i e n c y  o f  
gas th resh o ld  
counter B'G/B'
Sum o f  e f f i c i e n c y  
and i n e f f i c i e n c y B 'G /B 1 + B 'G /B 1
DISC e f f i c i e n c y B'G DISC/B'G
Rate BA T ss/B
magnet cu rren ts  and the azimuth o f  the t a r g e t .
When the beam c o n d i t io n s  had been opt im ised  the  p a r t i c l e  i d e n t i ­
f i c a t i o n  systems were se t  up. For the t i m e - o f - f 1 ig h t  t h i s  meant 
s e t t i n g  the delays to  the c a l c u l a t e d  va lu e .  A pressure  curve was 
p l o t t e d  f o r  the gas th re sh o ld  counter  i f  i t  was being used. With 
the DISC the procedure was more complicated  : f i r s t  the c e l l  c o n t a i n ­
ing the co n ce n t ra t io n  o f  g l y c e r i n e  a p p r o p r ia t e  to  the momentum was put  
i n to  p o s i t i o n .  Then an axion scan was done to  i d e n t i f y  the pion peak;  
the axion being f i n a l l y  se t  a t  the peak value and the i r i s e s  ad ju s te d  
to cu t  out  any p a r t  o f  the muon peak which would o th erw is e  be accepted  
by the DISC.
Once the apparatus was prepared f o r  the p a r t i c u l a r  momentum and 
p o l a r i t y  o f  the beam the “ t a r g e t  ou t"  measurement was made w i th  the  
t h re e  c r  f o u r  p o s i t io n s  norm al ly  used in a run.
Assuming t h is  measurement gave reasonable r e s u l t s  as i n d ic a t e d  by 
the computer p r i n t  o u t ,  then each t a r g e t  would be moved s u c c ess ive ly  
in to  the beam and a measurement made.
The t ransmission  counter  a r r a y  would then be moved and the  
sequence o f  measurements repeated ,  s t a r t i n g  w i th  the t a r g e t  empty 
measurement.
When a l l  the co unter  p o s i t io n s  had been covered,  the beam p o l a r i t y  
would be changed and the whole sequence repeated w i th  the o rd e r  o f  the  
counter  p o s i t io n s  reversed.
F i n a l l y  the momentum would be changed and the whole procedure  
repeated s t a r t i n g  w i th  the p o l a r i t y  a l r e a d y  s e t .  I t  was hoped t h a t  
t h i s  sequence would reduce sys tem a t ic  e f f e c t s .
The t ime taken f o r  one run v a r ie d  from two hours ('v 3000 beam 
b u rs ts )  a t  the lowest momentum to fo u r  minutes 100 beam b u r s t s )  f o r  
the h ig h e r  momenta. The s t a t i s t i c s  on the  number o f  s c a t t e r e d  pions
were 3>% and 2% r e s p e c t i v e l y .  U sua l ly  a longer t ime was needed f o r  
the t a r g e t - i n  runs because o f  the g r e a t e r  a t t e n u a t i o n  in t h i s  case.
The main d i f f i c u l t i e s  were exper ienced during the low momentum 
runs because o f  the very low pion ra t e s .  Much b e t t e r  measurements 
and a t  lower momenta could have been made had a more in tense  low 
momentum pion beam been a v a i l a b l e .
3* Correct ions'and Results
3.1 In t r o d u c t  ion
I t  was necessary to  apply  severa l  c o r r e c t io n s  to  the p a r t i a l  
cross sec t io ns  b e fo re  they were e x t r a p o l a t e d  to  zero s o l i d  angle and 
the t o t a l  cross sec t io n s  o b ta in e d .  The most impor tant  o f  these was 
the Coulomb c o r r e c t i o n .  The c a l c u l a t i o n  o f  the t o t a l  cross s e c t i o n s ,  
t h e i r  e r r o r s  and the c o r r e c t io n s  a p p l ie d  a re  descr ibed  in t h i s  
ch ap ter .  I t  concludes w i th  a p r e s e n t a t io n  o f  the f i n a l  r e s u l t s .
3 .2  C a l c u l a t i o n  o f  the p a r t i a l  cross sec t ions
The cross se c t io n  can be expressed in terms o f  the number o f  
p a r t i c l e s  in the beam. In the ideal  case o f  a l l  the s c a t t e r e d  
p a r t i c l e s  passing o u ts id e  the t ransm iss ion  co u n te rs ,  then i f  Ni is the  
i n i t i a l  number o f  p a r t i c l e s  in the  beam and N2 the number s c a t t e r e d ,
- n t a T
N2 = Ni e ( 3 . 1 )
where n is the number o f  s c a t t e r e r s  per  u n i t  volume and t  is the  t h i c k ­
ness o f  the t a r g e t  and is the t o t a l  cross s e c t io n .  However, s in ce  
not a l l  the s c a t t e r e d  p a r t i c l e s  pass .ou tside the t ransm iss io n  counters  
the p a r t i a l  cross sec t io n  cr(ft) must be w r i t t e n  in place o f  O j ,  where  
t h i s  is the cross s e c t io n  f o r  p a r t i c l e s  s c a t t e r e d  o u ts id e  the  s o l i d  
angle ft. Thus
= ; r r ' " - S r  ( 3 . 2 )
N2
is the t ransmission r a t i o ,  and in p r i n c i p l e ,  i t  may be c a l c u l a t e d  
from
• y i . i + i  ( 3 . 3 )
f o r  the s o l i d  angle  d e f in e d  by counter  T.  (See Sect ion 2 . 1 2 ) .  The
q u a n t i t i e s  used here a re  the  same as those de f ine d  in the prev ious  
ch a pte r .
Several  c o r r e c t i o n s  had to  be a p p l ie d  to t h is  q u a n t i t y .  The 
f i r s t  was f o r  the i n e f f i c i e n c y  o f  the transmiss ion  c o u n te rs ,  which 
gave a f a c t o r  o f
l / n .  = 1 / ( 3 t . ; . . £ / $ £ )  ( 3 . * 0i 1 , 1+1
Then the randoms had to be accounted f o r ,  g iv i n g  r i s e  to  the term
. = (BT.T.  T .T .  ( 3 . 5 )i i i + i ' A  i 1+1 w  '
so the  t r u e  transm is s io n  r a t i o  became
a . / n ,  = ( ( 6x i ) i + i -  e . ) / B ) / n .  ( 3 . 6 )
A f u r t h e r  term arose  because o f  s c a t t e r i n g  from the t a r g e t  h o l d e r ,  
counters and o t h e r  m a t e r i a l s  in the path o f  the beam. The cross 
sec t io n  f o r  these q u a n t i t i e s  was measured in the t a r g e t  ou t  run g i v i n g  
the "background" t ransmiss ion  r a t i o  a ! / r i j .  The t r u e  p a r t i a l  cross  
se c t io n  is the  d i f f e r e n c e  o f  the t a r g e t  in and t a r g e t  out q u a n t i t i e s
a ( f i )  = t f ( f t ) . n “ ° & ) Qu t  
1 n i a i
= - 7  In ( 3 . 7 )n t  a . r i l  w  "i i
This q u a n t i t y ,  as w e l l  as the e r r o r  descr ibed  in the next  s e c t i o n ,  was
c a l c u l a t e d  and p r i n t e d  out  by the on l i n e  computer f o r  each run.
3 .3  C a l c u la t io n  o f  the e r r o r
The e r r o r  on the r a t i o s  is given by binomial  s t a t i s t i c s  where the
a i
p r o b a b i l i t y  o f  a p a r t i c l e  e n t e r in g  a t ransm iss io n  counter  was —  and
^ j
the t o t a l  number events 3* The e r r o r  on the t ransmiss io n  r a t i o  is
becomes 1-a . 1-a ! i
( 3 . 10 )
The magnitude o f  t h i s  e r r o r  was 3 . 5% in the wors t  case a t  the lowest  
momentum and became t y p i c a l l y  0.5% f o r  the h ig h er  momenta.
The p a r t i a l  cross sec t io n s  and the  e r r o r s  were taken from the  
p r i n t  outs and t a b u l a t e d  a g a in s t  the la b .  s o l i d  angle subtended a t  
the t a r g e t  by the  counter  f o r  each p a r t i a l  cross s e c t io n .  The beam 
r a t e  was a ls o  noted.  Any sets  o f  data  which were taken w i t h  the  
beam r a t e  d i f f e r i n g  w id e ly  from t h a t  f o r  the res t  o f  the measurements 
f o r  t h a t  t a r g e t  and momentum, were e l i m i n a t e d  a t  t h i s  p o i n t ,  in case 
th e re  should be r a t e  e f f e c t s .  The data  was then in the form in which 
the Coulomb c o r r e c t i o n s  could be a p p l i e d .
3 . k Coulomb c o r r e c t i o n s  -  Theory
The p a r t i a l  cross sec t io n  f o r  a p a r t i c u l a r  s o l i d  angle  ft is given
ft
where f ( f t )  is the s c a t t e r i n g  am p l i tu d e .  This is the sum o f  the n u c l e a r  
and Coulomb s c a t t e r i n g  ampl i tudes
by
= l f J 2 + l f c | 2 + 2Re ( f N V  ( 3 . ' 2 )
The t h i r d  term in t h i s  expression is the Coulomb-nuclear  in t e r f e r e n c e  
term. The e f f e c t  o f  both t h i s  term and the pure Coulomb term must be 
removed from the p a r t i a l  cross se c t io n  b e fo re  e x t r a p o l a t i n g  to  zero  
s o l i d  ang le  because the Coulomb t o t a l  cross sec t io n  is i n f i n i t e .
The pure Coulomb term presents  no problem in c a l c u l a t i o n  since  i t  
can be o b ta in ed  from the Coulomb s c a t t e r i n g  am p l i tu de .  However the  
i n t e r f e r e n c e  term invo lv es  the n u c le a r  s c a t t e r i n g  ampli tude  which is  
not known in a model independent form.
3*5 Coulomb c o r r e c t i o n  -  Method
D i f f e r e n t  methods have been used to  so lve  t h i s  problem. Where 
d i f f e r e n t i a l  cross se c t io n  data a re  a v a i l a b l e  then these can be para ­
m etr ised  to  g iv e  an express ion f o r  the n u c le a r  s c a t t e r i n g  am pli tude  
and hence the i n t e r f e r e n c e  term. This was the method used by Binon 
e t  al  (B- j .71)*  A second method is to  c a l c u l a t e  the charge averaged  
cross sec t ions  and then use the o p t i c a l  theorem to  o b ta in  the  
imaginary p a r t  o f  the forward s c a t t e r i n g  am pli tude  and a d is p e r s io n  
r e l a t i o n  to  o b ta in  the real p a r t .  In t h i s  way the Coulomb-nuclear  
i n t e r f e r e n c e  may be c a l c u l a t e d  and hence the charged pion nucleus t o t a l  
cross s e c t i o n s .  This method was used by W i lk in  e t  al (Wi . 7 3 ) -  A 
t h i r d  method uses an o p t i c a l  model to  c a l c u l a t e  the s i z e  o f  the i n t e r ­
fe rence  te rm , and was employed in the a n a l y s i s  presented he re .  I t  
does depend on having a good model f o r  the i n t e r a c t i o n .  As the models 
are  discussed in more d e t a i l  in Chapter  5 and Appendix 1 o n ly  an o u t ­
l i n e  is given here .
The models are o f  two forms, one is the sum o f  a d e n s i ty  dependent  
and a g r a d i e n t  p a r t ,  t h i s  is the K i s s l i n g e r  model; the o t h e r  has a 
Lap lac ian  term instead  o f  the g r a d i e n t  term and is g e n e r a l l y  known as 
the L ap lac ia n  Model.
These models were s u b s t i t u t e d  i n t o  a K1ein-Gordon equat io n  which 
was solved by a computer code c a l l e d  ABACUS-M developed by Auerbach and 
Sternheim (A u .68 ) .  This c a l c u l a t e s  pion nucleus d i f f e r e n t i a l ,  p a r t i a l  
and t o t a l  cross sec t io n s  f o r  bdth charged and uncharged pions .  The 
magnitude o f  the Coulomb e f f e c t s  can be c a l c u l a t e d  from the d i f f e r e n c e  
between the charged and uncharged pion nucleus p a r t i a l  cross s e c t io n s .
As w e l l  as so lv in g  the Klein-Gordon equat ion  w i t h  these p o t e n t i a l s  
ABACUS accepts a f a m i ly  o f  p o t e n t i a l s  in te r m e d ia te  between these two,  
o b ta in ed  from a l i n e a r  combinat ion o f  them. This model is c a l l e d  the  
'mixed model1 in what  f o l lo w s .
The procedure adopted was to p l o t  the Coulomb e f f e c t s  as a f u n c t io n  
o f  the pion nucleus ce n t re  o f  mass ( c . m . ) s o l i d  an g le .  These po in ts  
lay  on a smooth c u rve ,  which p e rm i t te d  i n t e r p o l a t i o n  to o b ta in  the  
c o r r e c t i o n  a t  the a p p r o p r ia t e  s o l i d  angle  f o r  the measured p a r t i a l  
cross sec t io n s .
The t ra n s f o rm a t io n  o f  the t a b u la t e d  s o l i d  angles from the lab .  to  
the c.m. was done using a standard  k in em at ic s  program.
The major  d i f f i c u l t y  w i t h  the method used here a r i s e s  from the  
need to  choose an " a p p r o p r ia t e "  o p t i c a l  model. Two methods were used,  
one in v o lv in g  the data o f  Binon and the o t h e r  the p r e d i c t i o n s  f o r  the  
real p a r t  o f  the forward s c a t t e r i n g  am pl i tude  (Ref)  from the forward  
d isp ers io n  r e l a t i o n s  (FDR).
3*5.1 Comparison w i t h  the Binon Results
Binon e t  al c a l c u l a t e d  the n u c le a r  s c a t t e r i n g  am pl i tu d e  from
t h e i r  d i f f e r e n t i a l  cross sec t io n  d a t a ,  but  on ly  a t  th re e  e n e rg ie s
120, 180, 260 MeV f o r  tt on carbon.  C. J .  Bat ty  wrote a program 
to  c a l c u l a t e  the in t e g r a t e d  cross sec t io n s  and hence the Coulomb 
c o r r e c t i o n s  from the Binon da ta ,  and a ls o  the e q u iv a l e n t  r e s u l t s  
f o r  Tr+ assuming charge symmetry.
Comparing these r e s u l t s  w i th  those o bta in ed  using ABACUS 
showed t h a t  the Laplaciqn model gave the best  agreement a t  260 
and 180 MeV but a t  120 MeV a model midway between the K i s s l i n g e r  
and Lap lac ian  was the  bes t .  See Figs.  ( 3 - 1 )  and ( 3 * 2 ) .
3 - 5 - 2  Comparison w i t h  FDR
These conclusions were st ren gthened  by the r e s u l t s  f o r  Re f  
compared w i t h  FDR p r e d i c t i o n s  (see F ig .  ( k . 6 ) ) .  In the lower  
energy region a number o f  models were t r i e d .  A = 0 . 5  was the  
best a t  the lowest  e n e r g ie s ,  w i th  a t re n d  to A = 1 as the energy  
in creased.
Above 300 MeV the agreement between the c a l c u l a t i o n s  and 
p r e d ic t io n s  was poor but t h i s  does not  m a t te r  in terms o f  the  
Coulomb c o r r e c t i o n s  because they become small a t  these h ig h e r  
en erg ies .
I t  should be noted t h a t  in the contex t  o f  these c o r r e c t io n s  
no t h e o r e t i c a l  s i g n i f i c a n c e  was a t tac h ed  to  the models used,  
they were on ly  req u i red  to  g ive  a good r e p r e s e n t a t io n  o f  the  
Coulomb c o r r e c t io n s  necessary a t  a p a r t i c u l a r  energy.
I t  was assumed t h a t  the conclusions reached concerning the  
c o r r e c t io n s  f o r  the carbon data a p p l i e d  to the o t h e r  n u c le i  where  
no data e x i s t e d  to  permit  an independent e v a l u a t io n  o f  the var io us  
models to  be made. Subsequent comparison o f  the p r e d i c t i o n s  o f  
the var ious  models w i t h  the t o t a l  cross sec t io ns  supported the  
choice o f  the var ious models f o r  the c o r r e c t i o n s  (See Chapter  5)
The c o r r e c t i o n s  were c a l c u l a t e d  t a k in g  in t o  account th e
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m o d i f i c a t i o n  o f  the n u c le a r  s c a t t e r i n g  ampli tude by the Coulomb 
f i e l d .  This e f f e c t  can be seen by n o t in g  t h a t
. d = l f N + fJ 2 ( 3 . 1 3 )
charged 
/ da \ , i f  ,2
, dft j • n I ( 3 . 1 ^ )
uncharged
where the s u p e r s c r ip t  c i n d ic a t e s  the presence o f  the Coulomb f i e l d .  
The uncharged p a r t i a l  cross sec t io n  was m u l t i p l i e d  by the r a t i o  o f  the  
charged to the uncharged t o t a l  e l a s t i c  s c a t t e r i n g  cross s e c t i o n s ,  thus
Att
J l ^ i 2 diS
a ( f i )  = a ( n ) c h a ( f i ) un x   ( 3 . 1 5 )
/ 1,1 '* n N i 2 dS
which becomes exact  as ft goes to z e ro .  This f a c t o r  was c lose  to  one 
being t y p i c a l l y  1 ± 0-.015.
As the odd A n u c le i  have d i f f e r e n t  uncharged p a r t i a l  cross 
se c t io n s  because o f  the d i f f e r e n t  t t N  cross s e c t i o n s ,  the d i f f e r e n c e  
was expressed as
o(n)ch± - a(fi)un± (3 . 1 6 )
unce±
where the cross sec t io ns  assoc ia te d  w i th  the p a r t i c u l a r  charge,  
p o s i t i v e  or  n e g a t i v e ,  were used.
3 .6  E x t r a p o l a t i o n  Procedure
The c o r r e c te d  p a r t i a l  cross sec t io ns  were f i t t e d  w i th  a polynomial  
using a standard le a s t  squares f i t t i n g  r o u t in e  where the t o t a l  cross  
se c t io n s  were given by the constant  term. These re s u l t s  were
t a b u la t e d  ag a in s t  the o r d e r  o f  f i t  and the values w i th  the minimum 
ch i -sq u a red  per  degree o f  freedom were chosen.
Several  t rends were a p p a r e n t : -
1. The o r d e r  o f  f i t  increased w i th  momentum.
2.  The l i g h t e r  n u c le i  req u ired  lower o rd er  f i t s .
+ .
3. The 7T r e s u l t s  req u i re d  a lower o r  equal o rder
f i t  t o  th a t  o f  t h e  i t  d a t a .
These e f f e c t s  can be e x p la in e d  in terms o f  forward peaking o f  
the d i f f r a c t i o n  p a t t e r n .  This increases  w i t h  momentum and is 
g r e a t e r  f o r  the h e a v ie r  n u c le i  as more pions are s c a t t e r e d .  The 
forward peaking causes a rap id  increase  in the in t e g r a t e d  cross s e c t io n  
a t  small  angles r e q u i r i n g  the h ig h e r  o r d e r  polynomia ls .  The t t  and 
t t  d i f f e r e n c e  is not  very d i s t i n c t i v e  but  suggests the presence o f  
some f u r t h e r  Coulomb e f f e c t s  such as the Coulomb d i s t o r t i o n  o f  the  
wave fu n c t io n  which is the cause o f  the Coulomb d i f f e r e n c e  discussed  
in Chapter  6.
There was some d i f f i c u l t y  in dec id in g  on the best o rd e r  o f  f i t  
in the lower energy region where the ch i -sq u ared  showed no d i s t i n c t i v e  
minimum. To take account o f  t h is  am biguity the f o l lo w i n g  c r i t e r i o n  
was-used -  the e r r o r  on the cross s e c t i o n ,  given by the o r d e r  o f  f i t  
chosen, would be extended to  inc lu de  the va lue o f  the next  reasonable  
f i t .  U s u a l ly  . th is  was the nex t  h ig h e r  o rd e r .  In some cases,  
p a r t i c u l a r l y  in the h ig h e r  momentum re g io n ,  the e r r o r  c a l c u l a t e d  by 
the program was g r e a t e r  than the  d i f f e r e n c e  between the two o r d e r s ,  
in which case t h i s  l a r g e r  e r r o r  was quoted.
When the Coulomb d i f f e r e n c e s  came to be p l o t t e d ,  (see Chapter  6)
i t  was observed t h a t  in the low momentum region some o f  the d i f f e r e n c e s
were in c o n s is t e n t  w i th  the  general  t rend  o f  the  r e s u l t s .  The
+ -
a n o m a l i e s  c o i n c i d e d  w i t h  t h o s e  c a s e s  i n  w h i c h  t h e  i t  a n d  i t  r e s u l t s
were f i t t e d  w i th  d i f f e r e n t ' o r d e r s  o f  po lynomia l .  The t a b u la t e d  
r e s u l t s  were re-examined and i t  was decided t h a t  in these cases the
4* ™
same o r d e r  o f  f i t  would be used f o r  both t t  and t t  r e s u l t s .  The 
e r r o r s  were increased to  inc lude  t h i s  u n c e r t a i n t y .
3 .7  Pi on decay
The measured t o t a l  cross sec t io ns  were reduced by pions decay ing,  
mainly  between the l a s t  Cerenkov counte r  and B^. The d is ta n c e  
in vo lv ed  was kO cm w i th  the DISC downstream and 70 cm w i th  the gas 
th re s h o ld .  The c o r r e c t i o n  needed was o b ta in ed  using an i n t e g r a t i o n  
r o u t i n e  developed by G.T.A.  Squie r .  The p ro po r t io n  o f  the muon cone 
passing through the counter  was c a l c u l a t e d ,  assuming p enc i l  beams 
a t  d i f f e r e n t  d is tances  from the beam a x i s .  A Gaussian d i s t r i b u t i o n  
was assumed f o r  the pions in the beam and t h i s  was fo lded  in to  the  
c o r r e c t io n  described  above and in t e g r a t e d  over the area o f  the beam 
spot.  The f i n a l  c o r r e c t io n  was expressed as a percentage o f  the  
t r a n s m i t t e d  beam. I t  was w i t h i n  the range 0 .95  -  1.25% f o r  a l l  
momenta.
At a l l  t imes the angle subtended by the s m a l le s t  t ransmis s io n  
counter  was g r e a t e r  than t h a t  o *  the muon cone de f in ed  by B  ^ so no 
muons c o n t r i b u t e d  to  the cross s e c t io n .
Pion decay in the t a r g e t s  was n e g lec ted  as i t  was small when 
compared w i th  the main c o r r e c t i o n .  I t  was a ls o  assumed t h a t ,  to  a 
good approximat ion the number o f  pions which were s c a t t e r e d  out  o f  the  
t ran smiss ion  a r r a y  but  then decayed in t o  i t ,  was equal to  the number 
which decayed out  o f  i t .
3 . 8  Other C or rec t io n s
The values o f  energy ag a in s t  which the  cross sec t io ns  are  
t a b u l a t e d  are  those o f  the pion a t  the c e n t re  o f  the t a r g e t .  This  
involved  making a small  c o r r e c t io n  f o r  the energy loss in the t a r g e t .
The ^Li and \ i  data were c o r re c ted  f o r  the im p u r i ty  in each
7 6t a r g e t  which amounted to 5% Li and 1 ,k%  Li r e s p e c t i v e l y .  The o t h e r  
elements were in t h e i r  n a t u r a l  s t a t e .
3*9 Results
The f i n a l  r e s u l t s  are  given in Tables ( 3 . 1 )  and ( 3 . 2 )  and shown 
in F igs .  ( 3 *3 )  and 3 . ^ ) .  (See Chapter  5 f o r  charge averaged r e s u l t s ) .
No e r r o r s  have been included f o r  the energy values as the cross 
s ec t io n  is o n ly  a s lowly  va ry in g  fu n c t io n  o f  energy due to  the Fermi 
momentum d i s t r i b u t i o n  o f  the nucleons in the nuc leus.  This a ls o  
removes most o f  the s t r u c t u r e  from the cross sec t io n s  lea v in g  the  
(3 3) resonance as the on ly  d i s t i n c t i v e  f e a t u r e .  Above t h i s
-  - j -
r e s o n a n c e  t h e  t t  -  t t  d i f f e r e n c e  i s  f a i r l y  c o n s t a n t  f o r  t h e  e v e n
nu c le i  but  changes sign above 480 MeV f o r  the odd nu c le i  as a conse-
+ —
q u e n c e  o f  t h e  c h a n g e  i n  t h e  r e l a t i v e  m a g n i t u d e s  o f  t h e  t t  n  a n d  7 r  n  
c r o s s  s e c t i o n s .
These r e s u l t s  a re  in e x c e l l e n t  agreement w i th  o th e r  recent  data
(See F ig .  ( A . l ) )  but  the o l d e r  r e s u l t s  o f  Ignatenko e t  al ( I g .  5 6 )
1 s
are  in constant  in the region o f  the resonance.
6Table  ( 3 - 3 )  gives the var ious va lues  o b ta ined  f o r  Li and C a t  
the t h r e e  lowest energ ie s  using the X = 0 . 0 ,  0 . 5  and 1.0  models to  
c a l c u l a t e  the  Coulomb c o r r e c t io n s .  Despi te  the la rg e  v a r i a t i o n  o f  
the charged cross sect io ns  the averaged ones can be seen to be 
e s s e n t i a l l y  model independent.
As an a id  to  c a l c u l a t i o n s  r e q u i r i n g  t o t a l  cross sec t io n s  f o r  
n u c le i  o t h e r  than those presented h e r e ,  C. J.  Bat ty f i t t e d  the r e s u l t s  
a t  each energy w i th  the e m p i r ic a l  formula.
a = a A o ( 3 . 17)
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TABLE 3 . 3
Cross Sections obtained for ^Li and C using different 
optical models for Coulomb-nuclear interference correction
Energy
(MeV)
6t •Li
Model 0 (1r+) (mb)
a(7r ) 
(mb)
Aa
(mb)
a
(mb) A a/a
IC 287.1±14.6 313.2± 8.4 26.1±16.8 300.2± 8.4 .087+.056
K + L 297.3±15.4 301.7± 7.5 4. 4± 17.1 299.5± 8.6 .015±.05 7
L
*•*
300.2±12.1 299.2± 8.0 -1.0±14.5 299.7± 7.3 -.003±.048
117 K 352.5±15.4 386.0± '8.4 ■ 33.5+17.5 369.3± 8.8 .091±.047
K + L 35 7.4±17.4 381.6± 6.7 24.2±18.6 369.5± 9.3 .066±.050
L . 360.2±18.6 378.3± 7.6 18.1±20.1 369.3±10.0 ,049±.054
130 K 394.1±12.1 442.9± 5.5 48.8±13.3 418.5± 6.7 .117±.032
■
K + L 39 7.7i13.1 438.9± 5.5 41.2±14.2 418.3± 7.1 .099±.034
L 400.3±14.5 435.1±17.7 34.8±22.9 417.7±11.5 .083±.055
C
87 K 472,3±15.0 608.9±15.2 136.6±21.4 540.6±10.7 .253±.040
■
K + L 501.3±24.9 583.1±15.4 81.8±29.3 542.2±14.7 . 151±. 05 4
L 526.5±23.5 551.8±10.5 . 25.3±25.7 539.2±12.9 .047±.048
113 K 603.9i 8.3 684.5±26.3 80.6±27.6 644.2±13.8 .125±.043
K + L 624.6±14.2 673.0±18.7 48.4±23.4 ' 648.8±11.7 ,075±.036
L 631.7±11.0 651.5±24.2 19.8±26.6 641.6±13.3 ,031±.042
127 K 637.3±11.5 696.9±19.5 59.6+22.6 667.1±11.3 ,089±.034
K + L 646.9±li.6 687.6±17.6 40.7±21.1 667.3±10.6 .061±.032
____
L 656.0±14.0 677.2+17.5 21.2±22.4 666.6±11.2 ,032±.034
•aw aj« ■■
A c  =  o' ( 7 7  )  -  a ( 7 r  )  a  =  )  +  ) ) .  •
These r e s u l t s  a re  shown in Tab le  ( 3 - 4 ) .  There is c o n s id era b le  v a r i a ­
t i o n  in the parameter  n ,  and i t  is on ly  close  to the resonance peak 
t h a t  the express ion behaves as A2 / 3 .  This is not  very s u r p r i s i n g  as 
o n ly  l i g h t  n u c le i  have been cons idered  which w i l l  not  approximate a 
b lack  d is c  except  in the region o f  the resonance.  The i n d i c a t i o n  
is t h a t  the dependence is more n e a r ly  A than A / 3 ,  the number o f  
nucleons being the important  q u a n t i t y  not  the s i z e .  This a p p l ie s  a t
l e a s t  up to  1.5 GeV and probably much h ig h e r  en e rg ie s .  For h e a v ie r  
27 9n u c le i  such as A1 the va lu e  / 3  is ob ta in ed  (See data in (C i .  6 6 ) ) .
The re s u l t s  presented here have made i t  p o s s ib le  to t e s t  the p re ­
d i c t i o n s  o f  var ious  d is p e rs io n  r e l a t i o n  and o p t i c a l  model c a l c u l a t i o n s .  
This work is descr ibed  in the succeeding chapters .
TABLE 3.4
Coefficients obtained by fitting the equation
crm = a An to the experimental results I  o
TT
+
TT
E a 0
(MeV) 0(mb)
n 0
(mb)
n
91 55.1 ± 9 * 7 0.92 + .08 62.7 ± 6.5 0.88 + .05
117 93.8 ± 12.9 0.75 ± .06 107.6 ± 18.4 0.74 + .07
130 102.8 ± 8.6 0.73 + .04 175.6 ± 20.2 0.56 + .05
158 166.4 ± 11.3 0.56 + .03 224.4 ± 50.3 0.46 + .10
189 180.0 ± 11.5 0.51 + .03 188.7 ± 21.6 0.52 + .05
231 119.0 ± 9.5 0.63 + .04 138.1 ± 22.5 0.59 + .07
261 92.5 ± 6.5 0.69 + .03 105.4 ± 21.9 0.66 + .09
291 69.2 ± 4.2 0.77 + .03 73.0 ± 8.9 0.77 + .05
338 35.1 ± 10.2 1.01 + .13 40.9 ± 10.3 0.96 + .11
411 32.9 ± 0.5 0.95 ± .01 38.7 ± *2.5 0.90 + .03
483 32.9 ± '1.2 0.90 + .01 29.3 ± 0.5 0.95 + .01
568 35.9 ± 4 . 7 0.85 + .06 29.2 ± 1.8 0.94 + .03
698 38.8 ± • 4.3 0.85 + .05 34.9 ± 2.2 0.87 i .03
857 44.8 ± 6.4 0.80 + .06 46.5 ± 3.4 0.78 + .03
4. The Real Par t  o f  the Forward S c a t t e r i n g  Ampli tude  
4. 1 In t  roduct  ion
In a recent  paper (Er. 70) Er icson and Locher have used the  
method o f  forward  d isp e rs io n  r e l a t i o n s  (FDR) to  i n v e s t i g a t e  the pion 
nucleus i n t e r a c t i o n .  They show t h a t  f o r  T = 0 n u c le i  the real  p a r t  
o f  the forward s c a t t e r i n g  ampli tude  (R e f (w ) )  can be o b t a in e d ,  and 
f a r  T = £ n u c le i  an e f f e c t i v e  pion nucleus coupl ing co n s tan t .  The 
t o t a l  cross sect io ns  measured in the experiment  descr ibed in 
Chapter  2 perm i t  both o f  these q u a n t i t i e s  to  be c a l c u l a t e d .  These 
data have been supplemented by o t h e r  data  in p a r t i c u l a r  the CERN 
r e s u l t s  (Wi. 73)*  I t  was decided to  a lso  include data f o r  he l ium  
even though none was taken in t h i s  exper im ent .  The data are shown
in F ig .  ( 4 . 1 ) .  The e v a lu a t i o n  o f  the Re f(w) is described  in t h i s
ch ap te r  and t h a t  o f  the coupl ing  constant  in Chapter  7•
I t  was noted a t  the end o f  the previous chapter  t h a t  the charge
averaged r e s u l t s  were v i r t u a l l y  model independent,  so the e v a l u a t io n  
o f  Re f(w) does not  depend on any o p t i c a l  model c a l c u l a t i o n s .  This  
is why these r e s u l t s  a re  presented a t  t h i s  p o in t  b e fo re  a more 
d e t a i l e d  discuss ion  o f  the o p t i c a l  models.
The method o f  a n a ly s is  developed by Ericson and Locher is 
d escr ibed  b r i e f l y  f i r s t  o f  a l l .  Then the c a l c u l a t i o n s  and the  
r e s u l t s  ob ta in ed  are  presented .
4 .2  The Forward D is pers io n  R e la t io n
The s t a r t i n g  p o in t  f o r  the c a l c u l a t i o n  o f  the FDR f o r  pion 
nucleus i n t e r a c t i o n s  is the standard d is p e rs io n  r e l a t i o n
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In t h i s  expression w is the  pion t o t a l  energy and the p r i n c i p a l  p a r t  
o f  the i n t e g r a l  o n ly  is being cons idered .
The ampli tudes
f + (w) = ± f 7r_x (w))  ( ^ - 2 )
a re  then int roduced which a re  symmetric (+)  and a n t i - s y m m e t r ic  ( - )  
under c ro s s in g ,  ie
f  ( -w)  = + f ~ * ( w )  ( 4 . 3 )
the s t a r  ( * )  i n d i c a t i n g  the complex co njugate is to be taken .  For 
the c a l c u l a t i o n  o f  Re f (w )  the  symmetric am pl i tude  is r e q u i r e d .  The 
d is p e r s io n  r e l a t i o n  then becomes
Re f + (w) = ~  P f  -It01-,— dw' ( 4 . 4 )
t t  J (w‘ -  w) v
but  t h i s  does not  s a t i s f y  the requirement  t h a t  the i n t e g r a l  converges  
f o r  l a r g e  values o f  w so a s u b t r a c t i o n  is made, choosing the va lu e  
w = m^, which gives
Re
I  f + ( w ) - f + (m7r) \  j ^ f + (w' ) “ f + (m7r)
“ w" " %  /  = ¥  P J  ^  1 w ' “ "V
x —  dw‘ ( 4 . 5 )w ' -w  ■ \ I
where m^  is the pion mass. This express ion does now converge.  
Ericson and Locher show t h a t  Im ^(m^) is small  and can be ignored .  
Using t h is  and rea r ran g in g  terms gives
terms a re  w r i t t e n  e x p l i c i t l y , t h e  f i n a l  express ion  f o r  Re f ( w )  is
o b ta in ed  which is
OO
Re f + (w) = Re f + (m7r} + y
i wo
( 4 . 7 )
where k is the pion l a b .  momentum.
The pole  terms a r i s e  because o f  s i n g u l a r i t i e s  in the unphysical  region  
(w < m^) corresponding to  e x c i t e d  s ta t e s  o f  the nucleus.  There a r e
two so r ts  corresponding to  the d i r e c t  and crossed reac t io n s  r e s p e c t i v e l y  
i e
The sum o f  these two terms g ives  r i s e  to  the second term on the RHS o f  
equat ion  ( 4 . 7 ) .  r .  is the res id ue  o f  the s i n g u l a r i t y  a t  w . . The 
va lu e  o f  w. is
where is the  energy o f  the poles f o r  the ground s t a t e  o f  the nucleus
and £j  is the e x c i t a t i o n  energy.  M is the mass o f  the nuc leus .  This
q u a n t i t y  w. is g e n e r a l l y  smal l  'x* 10 MeV so the poles occur c lo s e  t o
w = o.  The va lu e  w in the i n t e g r a l  is thus c lose  to zero  and in theo
numerical  c a l c u l a t i o n s  is rep laced by ze ro .
Er icson and Locher then suggest ’ t h a t  the pole  term can be ignored
r . -  r .
w-w. * w+w. ( 4 . 8 )
2m
s ince  the va lues o f  w o f  i n t e r e s t  w i l l  be w > m , t h a t  is w »  w . .TT I
and the c o n t r i b u t i o n  o f  the po le  term to the physica l  region w i l l  be 
sm a l l .  This approximat ion is e s t im a ted  to a f f e c t  the va lu e  o f  
Re f ( w )  by .1% or  a t  most 10% f o r  s t a t e s  o f  high e x c i t a t i o n  o f  the o rd er  
o f  45 MeV.
4 . 3  The C a lc u l a t i o n  o f  Re f (w )
For the numerical  e v a l u a t i o n  o f  the  d is p ers ion  r e l a t i o n  the
i n t e g r a l  was cons idered  in two p a r t s ,  the  f i r s t  being the unphysical
. +
region where a p a r a m e t r i s a t i o n  o f  Im f  was used, and the second the  
phys ical  region where Im f + was expressed in terms o f  the charge  
averaged t o t a l  cross sec t io n s
= i  (a + + a _ ) ( 4 . 1 0 )z TT+X tt x
by means o f  the  o p t i c a l  theorem.
The Re f + (m ) was c a l c u l a t e d  from the s c a t t e r i n g  lengths a t  
th re s h o ld .
The c a l c u l a t i o n s  a re  described  in more d e t a i l  below.
4 . 3 . 1  The E v a lua t io n  o f  the D is p ers io n  In t e g r a l
(a)  Region 1, below t h r e s h o ld .
Er icson and Locher use the f o l lo w in g  express ion f o r  Im f + (w)
Im f + (w) = l-m aQ -  2 Re aQ lm a |k |  -  3 Im a j k | 2 ( 4 . 1 1 )
r|
by assuming a polynomial  expansion o f  Im f  (w) in terms o f  i | k | .  The
c o e f f i c i e n t s  are expressed in terms o f  the  s and p wave s c a t t e r i n g  
lengths .  These a re  r e l a t e d  to the s h i f t s  and widths o f  the energy  
l e v e ls  in pi -mes?c atoms by
a «  T r - V -  ( Re A E i + i i  I \  ) m"1 ( 4 . 1 2 )o ** 4Za E. Is Is tt v '
I S
and
(4 . 1 3 )
where is the Bohr energy l e v e l ,  a  is the usual f i n e  s t r u c t u r e
cons tant  and Z the charge.  The s h i f t s  and widths were o b ta in ed  
from a t a b u l a t i o n  by Backenstoss (Ba. 70) in the case o f  carbon 
and l i t h i u m .  The s c a t t e r i n g  lengths f o r  hel ium were o b ta in e d  
from the phase s h i f t s  o f  Nordberg and Kinsey (No. 6 6 ) .  In p rac ­
t i c e  the second term in Eq. (^4.11) was ignored as i t  was very  sm a l l .  
The values used f o r  the th r e e  n u c le i  a re  given in Tab le  ( 4 . 1 ) .
I t  was decided to  extend t h i s  r e p r e s e n t a t io n  f o r  Im f (w )  to
m + 20 MeV and match i t  t h e r e  w i t h  the f i t  ob ta in ed  f o r  the nex tTT
next  s e c t io n .
(b) Region 2 ,  0 -1300  MeV
The data in t h is  region was abundant.  I t  was f i t t e d  w i t h  a 
p olyn o m ia l ,  and the i n t e g r a l ,  then o f  the form
was ev a lu a te d  n u m e r ic a l l y  using standard techniques to  deal w i t h  
the s i n g u l a r i t i e s .  The data used a p a r t  from the data  presented  
in t h i s  t h e s i s ,  f o r  carbon those o f  Binon ( B i .  70),  B y f i e l d  
(By. 5 2 ) ,  Cronin (Cr.  57) Crozon (Crz.  65 )  and W i lk in  (Wi. 7 3 ) ;  
f o r  l i t h i u m  on ly  t h a t  o f  W i l k i n ,  as none o t h e r  was a v a i l a b l e ;  
and f o r  hel ium Block ( B l . 68)  Budagov (Bu. 62)  Chavonon (Ch. 65)  
Fowler (Fo. 53) Kozodaev (Ko. 60)  and W i l k i n .  Some o f  th e  e a r l y  
data f o r  carbon was o m i t te d  as i t  was in c o n s i s t e n t  w i t h
reg io n .  This caused c e r t a i n  problems as is descr ibed  in the
2 k2
7T ( 4 . 1 4 )
TABLE 4.1  
Values ob ta in ed  f o r  the s c a t t e r i n g  lengths
Nucleus
Re ao
Im a
o
(m;1)
Im a l
K 3)
 ^He - 0 . 1 3 2  ±, 0 .00 3 0 .0 8 4  ± 0 .00 3 0.021 ± 0 ,0 0 3
6L i “ 0 .1 2 6  ± 0 .02 0 .0 2 7  ± 0.01 0 .0 5 7  ± 0 .0 2
12C - 0 . 2 5 4  ± 0 .0 0 5
r--oo+1ooo 0. 149 ± 0 .0 2
more recent  improved r e s u l t s ,  as was a ls o  the case w i th  some 
h e l i  urn data.
The polynomial  was co n s t ra in ed  to  f i t  the magnitude and 
s lope  o f  Im f + (w) a t  m^ + 20 MeV. I t  was found t h a t  the va lu e
o f  Re f (w )  around 100 MeV and above 250 MeV was s e n s i t i v e  to
the matching p o in t  by comparing the r e s u l t s  f o r  w = m^, m^ + 10,  
m  ^ + 20 and + 30 MeV as shown in F ig s .  ( 4 . 2 )  and ( 4 . 3 ) .
With the present  lack  o f  data  below 100 MeV i t  is not  p o s s ib le  to  
remove t h i s  u n c e r t a i n t y .
(c)  Region 3, above 1 GeV
In t h i s  region data  a re  very sparse so a simple p a r a m e t r i s a -  
t i o n  o f  the form
a (w) = (A + (B /w )2 ) barns ( 4 . 1 5 )
was used as was suggested by Er icson and Locher.  The polynomial  
f i t  and t h i s  p a r a m e t r i s a t io n  were matched in the region  o f  1 GeV 
(depending on the n u c l e u s ) ,  thus d e f i n i n g  B. The values  
ob ta in ed  f o r  these parameters a re  given in Tab le  ( 4 . 2 ) .  In the
case o f  carbon the data o f  A l la b y  (A lb .  71) in the region 20 to
60 GeV provided  an e x t r a  c o n s t r a i n t .
The v a lu e  o f  Re f ( w )  below 500 MeV was found to  be 
i n s e n s i t i v e  to  the high energy reg ion .
4 . 3 * 2  The E va lu a t io n  o f  Re f + (m_)
 - - ------  ■ 1 11 - - - - - - - - - - - - - - - - - - - - - - - - - - -7 F -
+  /This was ob ta in ed  from the r e l a t i o n  between the  Re f  (w) 
a t  th re s h o ld  and the s c a t t e r i n g  length ie .
Re ( 4 . 1 6 )
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TABLE A . 2
Values f o r  th e  high energy p a r a m e t r i s a t i o n  o f  the  
t o t a l  cross sec t io ns
Nucleus A B
( feV )
*He 0.071 ^ .7 9
6Li 0.1 7.71
12C 0 . 2 25 .7
4 .4  Results
The r e s u l t s  f o r  the t h r e e  nu c le i  in F ig s .  (4. 3 ) - ( 4 . 5 ) .  They 
are  discussed in more d e t a i l  below.
4 . 4 . 1  Carbon
There is a reasonable amount o f  data to  compare the p r e d i c ­
t io n s  w i th  and in genera l  the agreement is good. In the  region  
o f  100 MeV the h ig h e r  matching va lu e  (m^ + 30 MeV) is favoured  
by the r e s u l t s  ob ta in ed  by Be iner  (Be. 73) from an a n a ly s i s  o f  
the Binon da ta .
The zero  va lu e  o f  Re f (w )  is q u i t e  w e l l  d e f in e d  and occurs  
a t  155 ± 5 MeV.
4 . 4 . 2  L ? th i urn
As t h e r e  is no da ta  i t  is not  p o s s ib le  to comment on the  
choice  o f  m  ^ + 20 MeV as the  matching energy.  Only the one 
va lu e  is shown. The zero is a t  'v 175 MeV.
A . A . 3 He 1 i urn
These r e s u l t s  a re  determined somewhat b e t t e r  than the p r e ­
vious ones due to  the lower energy data  a v a i l a b l e  from Falomkin 
(Fa.  72) and Dubnicka (Du. 7 2 ) .  The zero  is a t  171 MeV, w i t h  
an u n c e r t a i n t y  o f  less than ± 2 MeV.
4 . 4 . 4  O p t ic a l  Model C a l c u la t i o n s
The r e s u l t s  o f  c a lc u la t io n s  f o r  ca rbon , us ing  the  two 
s tan d a rd  o p t i c a l  models a re  shown in  F ig .  (4 .6 )  and a re  compared 
w i th  the  d is p e rs io n  r e la t i o n  c a lc u la t io n  w i th  the  m atch ing  a t
w = m + 2 0  MeV. The two models b rac ke t  t h a t  o f  the FDR belowTT
300 MeV and i t  is c l e a r  t h a t  some in t e r m e d i a t e  model is b e t t e r  
p a r t i c u l a r l y  in the region o f  100 MeV. This  was one o f  th e  main 
reasons f o r  using the "mixed model" as descr ibed  in Chapter  3 
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I t  w i l l  be no ted  t h a t  the  form  o f  the  Re f (w )  is  s u b je c t  to  
c o n s id e ra b le  v a r ia t i o n  in  the  reg ion  300-500 MeV. F ig .  ( i f . 1) 
shows t h a t  t h i s  v a r ia t i o n  can be re la te d  to  the  ra te  o f  charge 
o f  aT w i t h  ene rgy ; the  g r e a te r  the  ra te  o f  change the  more 
q u i c k ly  Re f ( w j  decreases in  m agn itude. Th is  e x p la in s  the  d i s ­
crepancy between the  o p t i c a l  model p r e d ic t io n s  and those  o f  the  
FDR in  t h i s  reg ion  (See Chapter 5. F ig s .  ( 5 . 1 ) “ ( 5 .3 ) .  I t  may 
be seen by w r i t i n g  down the  e xp ress io n  f o r  the  ra te  o f  change o f  
Re f (w )  as a f u n c t io n  o f  w i . e .
a i i da
dw Re = 2 Re f  (w) V  2w "dw" " d w  $  + ^
d(JTt h a t  t h i s  co u ld  be a s e n s i t i v e  fu n c t io n  o f  —;— i f  the  f i r s t  twodw
terms in the  b ra c k e t  have the  same s ig n .  T h is  is  in  f a c t  the  
case f o r  T > 300 MeV.
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4 .5  C onc lus ions
I t  has been p o s s ib le ,  by means o f  the  data  which has r e c e n t ly  
become a v a i l a b le ,  to  c a lc u la te  the  Re f (w )  in the  reg ion  T = 0IT
to  500 MeV. A downward s h i f t  in  the  ze ro  va lu e  o f  Re f (w )  as a 
fu n c t io n  o f  mass number is  e x h ib i t e d  be ing  o f  the  o rd e r  o f  20 MeV
x £ j2
f o r  He and Li and 40 MeV f o r  C r e l a t i v e  t o , t h e  p ion  nuc leon  
va lu e .
The r e s u l t s  a re  q u i t e  w e l l  d e f in e d  excep t in  the  re g io n  o f  
100 MeV where c o n s id e ra b le  u n c e r t a in t i e s  e x i s t  w h ich  cannot be 
removed w i th o u t  low energy data  f o r  Re f ( w ) .
The s tandard  o p t i c a l  models show good agreement below 
300 MeV b u t  poor agreement above. T h is  is  r e la te d  to  the  poor 
t o t a l  c ross  s e c t io n  p r e d ic t io n s  in  t h i s  reg ion  which a re  
d e s c r ib e d  in the  n e x t  c h a p te r .
The r e s u l t s  appear to  be q u i t e  s e n s i t i v e  to the q u a n t i t y  
in the region above 300 MeV.
5. Optical  Model Calcula t ions
5.1 In troduction
Some c a l c u l a t i o n s  w i t h  var io u s  o p t i c a l  models have been described  
a l r e a d y ,  p r i n c i p a l l y  in connect ion w i t h  the Coulomb c o r r e c t i o n s  which had 
to  be a p p l i e d  to the raw p a r t i a l  cross s e c t io n  d a t a ,  (See Chapter  3,
Sec t ion 3 -5 )»  There i t  was emphasised t h a t  no t h e o r e t i c a l  s i g n i f i c a n c e  
was to  be a t tac h ed  to the forms, used, they were simply re q u i re d  to  g iv e  a 
good e s t im a t e  o f  the Coulomb e f f e c t s  in the pion nucleus i n t e r a c t i o n .
In the work descr ibed  in t h i s  c h a p t e r ,  the aim was to co ns id er  the models 
as t h e o r e t i c a l  d e s c r i p t i o n s  o f  the pion nucleus i n t e r a c t i o n  and to see how 
w e l l  the r e s u l t s  o f  c a l c u l a t i o n s  w i t h  these models agree w i t h  the  d a t a .
Var ious forms o f  the o p t i c a l  p o t e n t i a l  have been in e x is t e n c e  f o r  a 
number o f  y e a r s ,  f o r  example the  K i s s l i n g e r  model was proposed in 1955, bjjt 
they have not  been compared w i t h  data over a wide range o f  e n e r g ie s  and f o r  
d i f f e r e n t  n u c l e i .  The data now a v a i l a b l e  makes such a comparison p o s s i b le .  
The i n t e n t i o n  was to use the standard  forms and the m o d i f i c a t io n s  proposed 
r e c e n t l y  by Dedonder ( D e . 7 l )  and W i l k i n  ( W i . 7 3 ) ,  to  see how good the models 
were and hence suggest  areas where f u r t h e r  work is needed. I t  would a ls o  
p erm i t  the models to  be used w i t h  more conf idence  in the c a l c u l a t i o n  o f  
e f f e c t s  such as the Coulomb d i f f e r e n c e  descr ibed  in the next  c h a p te r .
This ch ap te r  s t a r t s  w i t h  the express ion  f o r  the o p t i c a l  p o t e n t i a l  
d e r iv e d  from m u l t i p l e  s c a t t e r i n g  t h e o r y ,  f o l l o w i n g  the approach o f  Kerman, 
McManus and T h a l e r  (K e .59 ) *  Since the d e r i v a t i o n  o f  t h i s  p o t e n t i a l  is 
given in many p laces i t  has not  been inc luded in t h i s  ch a p te r  b u t ,  f o r  the  
sake o f  completeness, out  1 ined b r i e f l y  in Appendix I .  I t  is then shown how 
the standard  o p t i c a l  models a r i s e  from th e  i n i t i a l  e xp r e s s io n ,  n o t in g  the  
va r io us  approximat ions introduc'ed in the d e r i v a t i o n  and a ls o  any m o d i f i c a ­
t io n s  as a r e s u l t  o f  more recent  work.  Again t h i s  work is  f a i r l y  w e l l
known, but  i t  was thought e s s e n t ia l  to  show the way in which the d i f f e r e n t
the r e s u l t s  produced by them. This is descr ibed  in the next  p a r t  o f  the  
ch ap ter .
F i n a l l y  conclusions a re  drawn and areas o f  f u r t h e r  work in d ic a t e d .
5 .2  D e r i v a t i o n  o f  the O p t ic a l  Models
In Appendix I i t  has been shown t h a t  by f o l lo w in g  the method proposed 
by Kerman e t  al the pion nucleus i n t e r a c t i o n  can be described  by an o p t i c a l  
p o t e n t i a l ,  in terms o f  two-body pion nucleon s c a t t e r i n g  m a t r i c e s .  The two 
equat ions  r e s u l t i n g  are (See Eq. (A1.20 )  and ( A 1 . 2 3 ) ) .
where T'  is r e l a t e d  to  the usual pion nucleus s c a t t e r i n q  m a t r i x  in the  00 r  »
ground s t a t e  by
t is the f r e e  pion nucleon s c a t t e r i n g  o p e r a t o r .
Fo l lowin g  Dedonder var ious approximat ions  a re  in t roduced le a d in g  to  the  
f i n a l  forms f o r  the o p t i c a l  p o t e n t i a l .  The f i r s t  o f  these in vo lv es  the  
assumption t h a t  A » 1  in which case Eqs. ( 5 . 1 )  and ( 5 . 2 )  become
forms o f  the o p t i c a l  model a r i s e  b e fo re  going on to compare w i t h  the data
( 5 - 1 )
( 5 - 2 )
< 0 [T* |o> = ~  < o | t  |o> ( 5 . 3 )
+Vq is the o p t i c a l  p o t e n t i a l ,  Gq is the pion propagator  in the nucleus and
( 5 . 4 )
V = At ( 5 . 5 )
00
Th is  is e f f e c t i v e l y  say ing t h a t  the r e s t r i c t i o n  on s c a t t e r i n g  o f f  the same 
nucleon more than once has been l i f t e d  (See ( A u . 6 7 ) ) .  The r e s u l t s  o f  
t h i s  approximation f o r  l i g h t  nuc le i  a re  discussed in Sect ion  5 . 4 . 5 .
W r i t i n g  the o p t i c a l  m a t r i x  e lement in f u l l  leads to
i f l v 0h { > = A J  < k i  +  q f M e A ) | q j » k J>ACM
x 4>q ( k x + q , . . . k A) 4>o ( k i . .  . k A) d k i . . . d k A ( 5 - 6 )
thHere k.  is  the i n i t i a l  momentum o f  the i nucleon in the nuc le us ,  q.  andi i
q^ a re  the i n i t i a l  and f i n a l  pion momenta, q is the momentum t r a n s f e r  
q . - q f , £a  is the pion t o t a l  energy and (f>Q is the n u c le a r  wave f u n c t i o n .  A l l
the q u a n t i t i e s  are  in the pion nucleus c.m. system (ACM).
Since the f i r s t  term in the i n t e g r a l  is independent o f  k. where i > 1 , 
the q u a n t i t y
Poo = / <l’* ( k l + q ’ - " l<A)<l>(kl- - - kA)clk2 - - - dkA ( 5 - 7 )
is d e f in e d  and Eq. (5 * 6 )  becomes
<q f  [Vo | q | > = A  / < q f , k i +q | T (£A) | q i ,k i> P o o ( k i +q , k i ) d k i  ( 5 - 8 )
An approximat ion is in troduced which is good f o r  s c a t t e r i n g  c los e  to  
the forward d i r e c t i o n ,  and t h a t  is to  n e g le c t  q in comparison w i t h  k i .
This means t h a t  the o p t i c a l  models should not  be expected to g iv e  good f i t s  
to an g u la r  d i s t r i b u t i o n s  a t  l a rg e  momentum t r a n s f e r .
The next  approximat ion assumes t h a t  the m a t r i x  e lement  is a s lo w ly  
vary in g  f u n c t io n  o f  k i  in comparison w i t h  the form f a c t o r  pQQ and removes 
i t  from the i n t e g r a l  a t  some average va lu e  o f  ki« I t  is usual to  s e t  the
l a b .  v a lue  o f  k i  to be z e r o .  An a l t e r n a t i v e  approach is to average the  
s c a t t e r i n g  m a t r i x  over  the Fermi momentum d i s t r i b u t i o n  o f  the nucleons in 
the nucleus.  This would be expected to  cause a smoothing out  o f  the  
f e a t u r e s  o f  the i n t e r a c t i o n  and in p a r t i c u l a r  a broadening o f  the (3 3) 
resonance,  as the pion nucleon i n t e r a c t i o n  a p p r o p r i a t e  to  the resonance is 
o c c u r r in g  over  a w ide r  range o f  in c id e n t  pion momenta (See Sect ion  5 * ^ * 8 ) .
With these approximat io n s . the  o p t i c a l  p o t e n t i a l  can be w r i t t e n  as
<qf l Vo lqi> = A TACM (V qf ’eA)p(q) (5-9)
(5 .10 )
(5 . 11)
One e f f e c t  which has not been mentioned so f a r  is t h a t  o f  the n u c le a r  
c.m. motion.  Dedonder has shown t h a t  i t  can be taken in t o  account i f  a 
t r a n s fo rm a t io n  developed by Gartenhaus and Schwartz is used. He shows 
t h a t  the form f a c t o r  in c o o rd in a te  space under t h i s  t ra n s f o r m a t io n  is
1 ^ a -  i f* A
* -L p )  a 6XP ' “  6XP l q '^  (^ o( r i * - * rA) X . I I 1 d r i
= p(q * A * * * A  ^ ^ ‘
Assuming the nucleons in the nucleus are  u n c o r re la t e d  the form f a c t o r  breaks  
i n t o  the product  o f  A terms
p(q) ■ h
where
t: ( q { , qf = < k l ^ f l T (£AH q i »k l>
and • /P(q)  = I P^^(k i  + q , k i ) d k ioo
P (q) = p(q ( p ( ^ ) ) a 1 ( 5 -1 3 )
Then f o r  harmonic o s c i l l a t o r  wave fu n c t io ns  the usual express ion  f o r  the  
form f a c t o r  is ob ta in ed  ie
This e f f e c t  becomes small  f o r  heavy nuc le i  (See Sect ion  5 . 4 . 6 ) .
Two steps must be taken n e x t ,  the f i r s t  is to r e l a t e  the s c a t t e r i n g  
m atr ices  in the pion nucleon and pion nucleus c.m. and the second is to  
express the s c a t t e r i n g  m a t r i x  in terms o f  the pion nucleon s c a t t e r i n g  
am p l i tu d e .  This permits the phase s h i f t s  f rom the pion nucleon i n t e r a c t i o n
to be used. !n p r i n c i p l e  t h i s  should in vo lve  s t r a i g h t  forward k in em at ic s
but  in p r a c t i c e  i t  is here t h a t  the most s i g n i f i c a n t  d i f f e r e n c e s  a r i s e  
between models and the da ta .  P ar t  o f  the problem a r i s e s  because o f  the  
lack  o f  knowledge o f  the t r a n s f o r m a t io n  s u i t a b l e  f o r  the o f f - e n e r g y - s h e l 1 
s c a t t e r i n g  m a t r ic e s .  Landau e t  al have discussed t h i s  problem (L a .73 )>  and 
t h e i r  s o l u t i o n  is to assume the same t r a n s fo r m a t io n  a p p l i e s  both on and o f f  
the energy s h e l l .  Thus o f f - s h e l l  the t r a n s fo r m a t io n  is
( 5 .1 4 )
except  t h a t  a has been rep laced  by a '  where
a ( 5 . 15)
£2E2 <q2 IT [qa>  e2 E2 (5 . 16)
and o n - s h e l 1
<qf l T l q i > eAEA = <q2 l T l cl2> e 2E2 ( 5 - 1 7 )
The pion nucleus q u a n t i t i e s  have the s u b s c r ip t  A and the pion nucleon  
q u a n t i t i e s  2;  e is the pion t o t a l  energy,  E the nucleon t o t a l  energy.
The primes in d i c a t e  the q u a n t i t i e s  a f t e r  c o l l i s i o n  has o ccurred .  For 
e l a s t i c  s c a t t e r i n g  on the energy s h e l l  Eq. (5 .1 7 )  is used.
The two body e l a s t i c  s c a t t e r i n g  ampli tude  is r e l a t e d  to the s c a t t e r i n g  
m a t r i x  by
£ 2 _ i e2E2 ,f(q2)—r~ > e2> " 5F ITSi <q2|Ti‘u> (5-’8)
^2
“ "'5? <qf l T h > ( 5 - ' 9 )
Using the i n v a r ia n t s  o f  the i n t e r a c t i o n  t h i s  can be r e w r i t t e n  as
e A  a  9 a  3 . 2  - a i
T ( q i . q f »EA) = " 2 7 r  q l  f ( q 2 ’ “ r  ,eP  (5-20)
£A A ' qa
where E^ ~ A E^, is the t o t a l  energy o f  the nucleus.  F i n a l l y  using the
f a c t  t h a t  eJ>>£ Eq. (5 *20 )  becomes A a
i
S 2 *S2
t  (<3 j , q f  , e „ )  =-2ir —  f ( q 2 ,------   , e2 ) ( 5 - 2 1 )i t  A eAq2 q2
and
<qf l v0 l q i > = " 27T 7j7  f ^ 2 » — —  ». p ( q j “ qf ) ( 5 . 2 2 )
where qA = |q .  | = h f |
The s c a t t e r i n g  am pl i tude  is s t i l l  w r i t t e n  in terms o f  pion nucleon  
c.m. q u a n t i t i e s .  Va r ious  authors have suggested t r a n s fo r m a t io n s  to  the  
pion nucleus c.m. system. The one used by Auerbach and Sternheim (Au.67)
( 5 . 2 3 )
The b e t t e r  t r a n s fo r m a t io n
£ 2 -a ^  = v - 9 - f '  { s - l h )
Use o f  Eqs. ( 5 . 2 3 )  and ( 5 . 2 4 )  leads to  two d i f f e r e n t  sets  o f  parameters f o r
the o p t i c a l  p o t e n t i a l  as is shown below.
Var ious forms have been proposed f o r  the f r e e  pion nucleon s c a t t e r i n g  
ampli tude based on the express ion
f  = - 7 —  I  («• , o , + , r , )3 q 2  £ 0  1 . 2 J S . - 1  3
+ ( £ + , )  < V , * +l  + 2o? , 2 * + i »  P^ cos6) ( 5 - 25)
a  and the o t h e r  parameters mentioned below are  de f in ed  in Appendix 2.  Spin 
and isospin have been om it ted  since  the c a l c u l a t i o n s  have been done f o r  even 
n u c l e i .
The s im p les t  form f o r  the s c a t t e r i n g  am pli tude is to  assume t h a t  the  
s c a t t e r i n g  is on ly  in the forward d i r e c t i o n  in which case cosB = 0,  and con­
s i d e r i n g  o n ly  S and P-waves leads to
was
i
Q • 3.  ^ a r a  f
which is o n ly  good f o r  small  angle s c a t t e r i n g ,  
proposed by Dedonder and a ls o  Landau e t  a l  is
f  (6=0) = A + V q* (5 - 26 )
which when transformed to  c o o rd in a te  space gives the "S imple" o p t i c a l  
p o ten t  i a l ,
2£ Vso = -  A ( (bQ+b 1) k2 p ( r ) ) ( 5 . 2 7 )
where e is the pion lab.  energy and the pion lab .  momentum. The t r a n s ­
fo rm at ion  from the ACM frame to  the lab .  frame has been ignored as is u s u a l ly  
done. This is not  j u s t i f i a b l e  f o r  very l i g h t  n u c le i  such as hel ium.
I f  however the an gu la r  v a r i a t i o n  is considered then the am pl i tude  in 
Eq. (5 *2 5 )  may be w r i t t e n  in e i t h e r  o f  two forms which are  e q u i v a l e n t  on the  
energy s h e l 1
Under the approximate t ra n s fo rm a t io n  o f  the angle proposed by Auerbach and 
Sternheim these give  in co o rd in a te  space
(5 - 28)
or f = X + V (2e2m7r - iq 2) ( 5 . 2 9 )
2eVk= - A ( bok2 p ( r )  -  b i V . ( V p ( r ) ) ) ( 5 . 3 0 )
which is the K i s s l i n g e r  model, and
2eVL = -  A ( ( b Q+ b i ) k ^ p ( r )  + i b i V 2p ( r ) ) ( 5 . 3 1 )
which is the Lap lac ian  model. The d i f f e r e n c e  between the two models a r i s e s  
from the d i f f e r e n t  forms f o r  the s c a t t e r i n g  ampli tude  which are  assumed to  
apply o f f  the energy s h e l l .
Using the more c o r r e c t  t r a n s fo r m a t io n  o f  Dedonder the forms f o r  the  
models are the same but  the parameters a re  d i f f e r e n t ,  now w r i t t e n  as primed 
q u a n t i t i e s  bQ , b|  (See Appendix 2 f o r  d e t a i l s ) .
At  energ ies  above 300 MeV h ig h e r  pion nucleon p a r t i a l  waves become
s i g n i f i c a n t .  These have been included in the s c a t t e r i n g  am pli tude  in an
\
approximate way by assuming t h a t  they are  not  a n gu la r  dependent and i n c lu d ­
ing them in the S-wave term. This approximat ion  has been used by Sternheim  
and Auerbach in t h e i r  t a b u l a t i o n  o f  the b parameters (S t .  7 0 *  I f  the  
h ig h er  p a r t i a l  waves were inc luded c o r r e c t l y  then terms o f  the form V2n would 
a r i s e  in the Lap la c ia n  re p r e s e n t a t io n  (where n = 0 ,  1 ,2  . .  e t c . ) .  This  
p o in t  is cons idered f u r t h e r  in Sect ion  5 *6 .
An a l t e r n a t i v e  form f o r  the s c a t t e r i n g  am pli tude which has been used a t
high energ ie s  is
f ( q )  =. f ( 0 )  e " ie2q2 ( 5 . 3 2 )
where 3 is a parameter  d e r iv ed  from pion nucleon an g u la r  d i s t r i b u t i o n s  (See 
Appendix 2 ) .  This was assumed to apply  in the low energy region around the  
resonance.
I t  can be seen t h a t  the f i r s t  two terms in an expansion o f  the
exp o n en t ia l  correspond to the form o f  the am pl i tude which gives r i s e  to  the
Lap la c ian  p o t e n t i a l ,  and the h ig h er  o r d e r  terms correspond to  the in c lu s io n  
o f  h ig h er  o rd e r  p a r t i a l  waves. I t  is p o s s ib le  t h a t  in the low energy  
region t h i s  model would g iv e  an over e s t im a te  o f  the t o t a l  cross s e c t io n s  
because o f  these h ig h e r  o rd e r  terms (See Sect ion 5 . ^ . 4 ) .
The approach w i th  t h i s  model was s l i g h t l y  d i f f e r e n t  from t h a t  w i t h  
the o thers  in t h a t  a f t e r  s u b s t i t u t i n g  f o r  f  in Eq. ( 5 . 2 2 )  and t ra n s fo r m in g  
to co o rd in a te  space the expression f o r  the p o t e n t i a l  became
V =
(2tt )2 e 2^
2q2 F(q )dq (5 -3 3 )
which can be expressed as
V = -  -— -  I  V '  ( r 1) p ( r - r ' ) d r
e qz ( 5 .3 * 0
where
(2 tt )233
( 5 . 3 5 )
The p o t e n t i a l  V' is no more than a conven ient  mathematical  r e p r e s e n t a t i o n  o f
As V de f in ed  by equat io n  ( 5 .3 ^ )  is given by the f o l d i n g  o f  the p o t e n t i a l
For f u r t h e r  d e t a i l s  see r e f .  ( A l l . 73)*
This concludes the o u t l i n e  o f  the b a s ic  forms o f  the o p t i c a l  p o t e n t i a l .  
5 .3  The Wave Equat ion
There is some u n c e r t a i n t y  in the choice o f  the wave equat io n  i n t o  which  
the o p t i c a l  p o t e n t i a l s  a re  to be i n s e r t e d .  Some authors have used the  
Schrodinger  equat ion  o r  a m odif ie d  form o f  i t  to  take  account o f  r e l a t i v i s t i c  
e f f e c t s  ( K i . 5 5 ) ,  o th e rs  such as Auerbach e t  a l  have used the Kle in -Gordon  
equat ion  (A u.6 8 ) .  In t h i s  case the e q u a t io n ,  is w r i t t e n  in terms o f  lab .  
q u a n t i t i e s  ie
the s c a t t e r i n g  ampli tu de  and no phys ical  s i g n i f i c a n c e  should be a t ta c h e d  to
i t .
V ‘ in to  the m a t te r  d e n s i t y  d i s t r i b u t i o n  i t  has been c a l l e d  the "Fo lded model".
( - V 2+ m^2 ) <J>( r )  = (e -  Vc ( r ) ) 2<j>(r) -  2e VN(r)<f>(r) (5 -3 6 )
Vc is the  Coulomb p o t e n t i a l  and the n u c le a r  p o t e n t i a l  2e is
rep laced  by which ev er  form o f  the  o p t i c a l  p o t e n t i a l  is chosen ie
Eqs. ( 5 . 2 7 ) ,  (5 *3 0 )  o r  ( 5 - 3 1 ) -  Terms o f  the o r d e r  V* o r  V V.. have beenN c N
n eg lec ted  in Eq. ( 5 - 3 6 ) .  I t  is  by no means c l e a r  t h a t  t h i s  is a good
approx im at ion  when V is o f  the o r d e r  o f  as i t  is in the region  o f  the  
resonance.  However t h i s  is the  form o f  the equat ion  which is so lved by
the ABACUS-M r o u t i n e .
The wave equat ion  used in the SOPTAR r o u t i n e  o f  E. Friedman in con­
j u n c t i o n  w i t h  the form o f  the s c a t t e r i n g  ampli tude  shown in Eq. (5 *32 )  is
where Vg is r e l a t e d  to  the normal p o t e n t i a l  by
CT w
e A  +  E A  V k|
VS = " T T - ^  V 1 '  i b  (5-38)
A A
The equat ion  (5 *37 )  is s imply the Schrodinger equat ion  w r i t t e n  in i t s  non-  
r e l a t i v i s t i c  form but express ing  the reduced mass in terms o f  the en erg ie s  
o f  the pion nucleus c.m. system. Here account has been taken o f  the f i n i t e  
mass o f  the t a r g e t  nuc leus.
This m a t t e r  o f  the d i f f e r e n t  wave equat ions  has been discussed in d e t a i l  
in ( A i l . 7 3 ) .
5 . A C a lc u l a t io n s  and Results
The r e s u l t s  o f  c a l c u l a t i o n s  w i t h  the var ious  models s u b je c t  t o  the  
d i f f e r e n t  approximat ions descr ibed  in Sect ion  5 * 2 ,  a re  given below,  s t a r t i n g  
w i t h  the var ious  s tandard forms and then showing the e f f e c t s  o f  the m o d i f i ­
ca t io n s  proposed.
The r e s u l t s  o f  the c a l c u l a t i o n s  w i th  the standard  p o t e n t i a l s  are  
shown in F igs.  ( 5 . 1 ) - ( 5 * 3 )  f o r  the t h re e  isosp in  zero  nuc le i  6L i ,  12C and 
160,  The usual m od if ie d  Gaussian form o f  the m a t te r  d i s t r i b u t i o n  was used
ie
p ( r )  =  0  ( f ) 2 ) ( 5 . 3 9 )
tt-  a 3
where a is the rad ius  parameter .  The values used in a l l  the c a l c u l a t i o n s  
a re  shown in Tab le  ( 5 *1 ) *  They were o b ta in ed  from e l e c t r o n  s c a t t e r i n g  
data .
5 . 4 . 1  Lap lac ian  Model
This model shows good agreement w i t h  the data in the energy region  
above 500 MeV. The p r e d ic t i o n s  in the range 200 to 500 MeV a re  lower  
than the data w i t h  the most ser ious  d iscrepancy o c c u r r in g  around  
400 MeV. At the resonance and below th e re  appears to  be a downward 
s h i f t  in the energy o f  the peak c a l c u l a t e d  by the model r e l a t i v e  to  
the data by ^20 MeV. There is a ls o  an over e s t im a te  o f  the magnitude  
o f  the peak o f  the resonance. This l a s t  e f f e c t  increases  w i t h  
n u c le a r  mass number ie  f o r  6Li i t  is ^0%, f o r  12C ^  5% and f o r  160 
'v \2%.
5 . 4 . 2  K i s s l i n g e r  Model
The r e s u l t s  w i t h  t h i s  model a re  g e n e r a l l y  worse than those o f  
the La p la c ia n  model. The downward s h i f t  in the peak p o s i t i o n  is more 
exaggera te d ,  being as much as 36 MeV in the case o f  carbon.  I t  a ls o  
underest imates the va lu e  o f  the cross s ec t io n  in the 300-500  MeV 
reg io n .  However the agreement w i t h  the magnitude o f  the peak is much 
b e t t e r ,  o n ly  becoming s i g n i f i c a n t  in the case o f  oxygen where i t  is 
^5% .
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TABLE 5 .1
Values o f  th e  radius parameter  used in the  m odif ie d  
Gaussian form o f  th e  n u c le a r  d e n s i ty
Nucleus a
(fm)
6 Li 1.78
7Li 1-72
9 Be 1.78
12C 1.67
160 1.81
5 - 4 . 3  Simple Opt ical  Model
This would not be expected to  g iv e  good agreement,  so i t  is 
remarkable how w e l l  i t  does. Only in the region 80 to 400 MeV is i t  
s i g n i f i c a n t l y  d i f f e r e n t  f rom the Lap la c ia n  model. This shows t h a t  
the L a p la c ian  term is o n ly  s i g n i f i c a n t  in the region o f  the resonance.  
This is due p r i n c i p a l l y  to  the P-wave term which dominates in the  
resonance region but  then .decreases in importance.  Above 500 MeV the  
simple forward s c a t t e r i n g  a p p r o x i m a t i o n  i s  q u i t e  a d e q u a te *
5 . 4 . 4  Folded Model
The r e s u l t s  w i t h  t h i s  model a re  s i m i l a r  to those o f  the Lap la c ia n  
model but  the s h i f t  r e l a t i v e  to the data is a more marked e f f e c t  being  
0%, 13% and 20X in the case o f  GL i ,  12C, 160 r e s p e c t i v e l y .  The 
p o s i t io n  o f  the peak is in s l i g h t l y  b e t t e r  agreement w i t h  the data  
than the L a p la c ian  model.
A word o f  warning is perhaps in o r d e r  here concerning the s h i f t  in 
the magnitude o f  the resonance r e l a t i v e  to the data .  The agreement in 
the case o f  6Li may be considered to  be a c c id e n t a l  s in ce  c a l c u l a t i o n s  
f o r  uHe show the model p r e d i c t i o n s  to underes t im ate the cross s e c t io n s  
in the resonance reg ion .
The f o l l o w in g  general  conc lusions may be drawn.
(a)  A l l  the models g iv e  good agreement w i t h  the data and w i t h  each o the
above 500 MeV. Th is  is e q u i v a le n t  to saying t h a t  the simple  f o r ­
ward s c a t t e r i n g  approximat ion is s u f f i c i e n t  in t h i s  reg ion s in ce  
a l l  the models tend towards t h i s  as the P-wave ceases to  dominate  
the o th e r  pion nucleon p a r t i a l  waves.
(b) A l l  the models p r e d i c t  a peak p o s i t i o n  which is too low in energ y;
t h i s  is l a r g e r  f o r  the no n - lo ca l  K i s s l i n g e r  model than the lo c a l
models..
-  VJ  -
(c)  There is a s h i f t  in the magnitude o f  the peak p r e d i c t e d  by the  
var ious  models.  Below A=6 the models underest imate  the t o t a l  
cross s e c t i o n s ,  but  above t h i s  they ov e re s t im a te  i t .  The 
K i s s l i n g e r  model is the l e a s t  s e n s i t i v e  o f  the models.
(d) A l l  the models s e r i o u s l y  underest im ate  the t o t a l  cross sec t ions  
in the region 300 to  500 MeV.
The e f f e c t  o f  the o t h e r  m o d i f i c a t i o n s  to the models a re  now
described .
5 . 4 . 5  A » 1  Approximation
I f  the m u l t i p l y i n g  f a c t o r  is rep laced  by A - l  in the standard  forms
o f  t h e o p t i c a l  p o t e n t i a l  the r e s u l t  is a reduct ion  in the  magnitude o f
the p r e d i c t i o n s  as shown in F ig .  ( 5 * 4 ) .  Since th e re  is a general  
s h i f t  o f  the model c a l c u l a t i o n s  r e l a t i v e  to  the d a t a ,  the improved 
agreement w i t h  the r e s u l t s  f o r  carbon in the region o f  the resonance is 
not s i g n i f i c a n t .  For l i t h i u m  the consequence is an underes t im at io n  
o f  the magnitude o f  the peak by 12%. However the disagreement w i t h  
the data in the high energy region is more i n t e r e s t i n g .  The reason 
f o r  t h i s  is not  very  c l e a r  but  seems to  be r e l a t e d  to the i n c lu s i o n  
o f  on ly  the f i r s t  o rd e r  term o f  the m u l t i p l e  s c a t t e r i n g  s e r i e s .  I f  
the formal ism o f  Watson is used (See f o r  example ( A 1 I . 7 3 ) )  then the  
f i r s t  term o f  the m u l t i p l e  s c a t t e r i n g  s e r ie s  f o r  the o p t i c a l  
p o t e n t i a l  is
UQ = A <0 |t [0> ( 5 . 4 0 )
w i th  no A » 1  approximat ion in t ro duced.  This has been used very  
s u c c e s s f u l l y  in the energy region above 600 MeV as d escr ib ed  in the  
re fe ren ce  c i t e d  above. Here s i n g l e  s c a t t e r i n g  would be expected
-  ? o  ~
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to  work q u i t e  we l l  f o r  l i g h t  n u c l e i .  I t  seems then t h a t  the  
m u l t i p l e  s c a t t e r i n g  term in Eq. (A1.16)  should not be a l lowed to  
i n f lu e n c e  the d e f i n i t i o n  o f  Uq , and the  form o f  Eq. ( 5 . 4 0 )  is the  
best  in the h ig h e r  energy reg ion .  For consistency  t h i s  form has 
been used in a l l  o t h e r  c a l c u l a t i o n s .  I f  the c o r r e c t  form is used 
then the h ig h e r  o r d e r  terms in the m u l t i p l e  s c a t t e r i n g  s e r i e s  must 
be inc luded.
5 . 4 . 6  In c lu s io n  o f  N u c le ar  Centre o f  Mass Motion
This  was done by m u l t i p l y i n g  the usual radius param eter  by the  
A - 1 1
f a c t o r  The r e s u l t s  f o r  the l i g h t e s t  nucleus 6U  a re  shown
in F ig .  ( 5 . 5 ) .  . The e f f e c t  is a small downward s h i f t  in the  energy  
and the magnitude o f  the peak.  The e f f e c t  w i l l  be s m a l l e r  f o r  the  
h e a v ie r  nu c le i  as the m u l t i p l y i n g  f a c t o r  tends to u n i t y  f o r  l a r g e  A. 
As the e f f e c t  is smal l i t  has not  been included in c a l c u l a t i o n s  o t h e r  
than t h a t  shown here .
The o t h e r  m o d i f i c a t i o n s  to be considered a l l  in v o lv e  the p a r a ­
meters bQ and bi in the p o t e n t i a l .
5 * 4 . 7  Higher Order P a r t i a l  Waves
I t  has been mentioned in Sect ion 5 .2  and Appendix 2 t h a t  the  
h ig h e r  o rd e r  p a r t i a l  waves, D, F, and G have been included  in the bQ 
term. I f  they were om i t ted  and S and P-waves cons idered then 
r e s u l t s  f o r  the t o t a l  cross sec t io n s  in the resonance region  a re  
unchanged. Only above 400 MeV do they begin to have a s i g n i f i c a n t  
e f f e c t .  Th is was a ls o  seen by p l o t t i n g  the parameters themselves .
I t  should be noted t h a t  the comparison is between the r e s u l t s  w i t h  
S and P-waves on ly  and those w i t h  the h ig h e r  o r d e r  p a r t i a l  waves 
a p prox im ate ly  included  in the bQ term. The e f f e c t  o f  i n c lu d in g  
the D-wave term c o r r e c t l y  but under the same n e a r - t o - f o r w a r d - a n g l e
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s c a t t e r i n g  approximat ion  was a lso  i n v e s t i g a t e d  but  t h i s  made very  
l i t t l e  d i f f e r e n c e  'v 1 mb a t  the energy c a lc u la t e d  (^00 MeV). More 
r e c e n t l y  c a l c u l a t i o n s  have been done by Landau e t  al  which include  
the h ig h e r  o r d e r  waves under the c o r r e c t  t r a n s fo r m a t io n  and these  
appear to g iv e  s i g n i f i c a n t  e f f e c t s .  Th is  p o in t  is discussed  
f u r t h e r  in Sect ion 5 . 6 .
5 . ^ . 8  Fermi Motion
In the d e r i v a t i o n  o f  the o p t i c a l  p o t e n t i a l  the s c a t t e r i n g  m a t r i x  
was assumed to  be a s lo w ly  va ry in g  f u n c t io n  o f  the nucleon momentum 
and removed from the in t e g r a l  E q . ( 5 . 8 ) .  Two p o s s i b i l i t i e s  were
mentioned; the f i r s t  was to  e v a l u a t e  the s c a t t e r i n g  m a t r i x  a t  one
va lue  o f  the nucleon momentum; the o t h e r  was to average the s c a t t e r ­
ing m a t r i x  over  the Fermi momentum d i s t r i b u t i o n  o f  the nucleons in 
the nucleus .  The f i r s t  procedure leads to  the " f r e e "  parameters  
and the second to the  "Fermi averaged" parameters .
As the i n t e n t i o n  was to c a l c u l a t e  the b'  parameters a t  some p o in t
i t  was decided t h a t  both the b and b'  parameters would be o b ta in e d  
from the phase s h i f t s  w i t h  the averag in g  over the Fermi momentum 
in c lu ded .  This  a ls o  provided  an independent check on the parameters  
o f  Sternheim and Auerbach ( S t . 7 1 ) .  Some work had a l r e a d y  been done 
by S. Murugesuon the e f f e c t s  o f  Fermi motion on the pion nucleon  
t o t a l  cross sec t ions  req u i red  as input  f o r  the "Folded p o t e n t i a l " .
(Mu.7 1 ) .  The computer program he had w r i t t e n  accepted s c a t t e r i n g  
ampl i tudes as i n p u t ,  so a small program was w r i t t e n  to  c a l c u l a t e  the  
pion nucleon s c a t t e r i n g  am pl i tude  from the phase s h i f t s  in the  
approximate form
r  x  2f  = y  + 6 q
2
( 5 . 4 1 )
where y inc luded the S, D, F and G-waves and 6 the P-wave. This  
am pli tude was transformed to  the la b .  system as r e q u i re d  f o r  the  
averag in g  program. The express ion f o r  the averaged ampl i tudes was 
then
The output  in the form o f  the averaged ampli tudes  was used as input  
f o r  a f u r t h e r  program which c a l c u l a t e d  the b and b 1 p aramete rs .  As 
a check on the e f f e c t  o f  averag in g  the parameters ,  " f r e e "  parameters  
were a ls o  c a l c u l a t e d .  A comparison o f  r e s u l t s  w i th  the " f r e e "  and 
"Fermi averaged" b parameters is shown in F ig .  ( 5 . 6 ) .  I t  can be seen,  
t h a t  the resonance peak was broadened by the Fermi averag in g .  This  
is because the pion nucleon i n t e r a c t i o n  occurs over  a range o f  e n erg ie s  
f o r  a s i n g l e  i n c id e n t  pion energy.  S i m i l a r l y  the downward s h i f t  in 
the p o s i t i o n  o f  the  resonance peak is due to the change in the mean 
energy o f  i n t e r a c t i o n  o f  the pion and the nucleons.  I t  is c l e a r  t h a t  
the Fermi motion is one o f  the e f f e c t s  c o n t r i b u t i n g  to  the d i s p l a c e ­
ment o f  the c a l c u l a t e d  peak r e l a t i v e  to  the d a t a ,  though i t  is not  
the o n ly  one s ince  some d isp lacement  can be seen even w i t h  the " f r e e "  
parameters .
A f u r t h e r  consequence o f  the "Fermi averag ing"  was to smooth out  
the r e s u l t s  in the h ig h e r  energy region  (T > 400MeV). The " f r e e "  
cross sec t io n s  appear to be very s e n s i t i v e  to the phase s h i f t s  in t h i s  
region showing c o n s id erab le  " s t r u c t u r e " .  The averaged r e s u l t s  a re  
q u i t e  smooth.
The conclusion is  t h a t  the Fermi motion o f  the nucleons in the  
nucleons in the nucleus has a s i g n i f i c a n t  e f f e c t  on the t o t a l  cross
J f ( o )  p ( k i )  dki
( 5 .4 2 )
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s e c t io n s ,  p a r t i c u l a r l y  in the region o f  the (33)  resonance and should  
be taken i n t o  account in a l l  c a l c u l a t i o n s  o f  the pion nucleus t o t a l  
cross s e c t i o n s ,  even i f  o n ly  ap prox im ate ly  as here .
5 . 4 . 9  The M o d i f ie d  Parameters b^,  b |
These parameters were c a l c u l a t e d  as mentioned in the prev io us  
s e c t io n .  They were in s e r t e d  in the th ree  o p t i c a l  models (Eqs. ( 5 . 2 7 )  
( 5 . 3 0 )  and ( 5 . 3 1 ) ) .  The r e s u l t s  a re  shown in F ig .  ( 5 . 7 ) ,  and a re  r a t h e f  
d is a p p o i n t i n g  s in ce  the agreement w i t h  the data is somewhat worse than 
w i t h  the b parameters .  The K i s s l i n g e r  model seems to  be the wors t  
a f f e c t e d  being g e n e r a l l y  s h i f t e d  to lower energ ie s  above 160 MeV. The 
Lap la c ian  model is increased s l i g h t l y  in magnitude and comes i n t o  good 
agreement w i t h  the "Folded" model. Whether t h i s  is more than  
a c c id e n t a l  is hard to  say. The r e s u l t s  a t  400 MeV a re  not  improved 
a t  a l 1.
5*5 The M o d i f ie d  P o t e n t i a l
This work was based on a recent  proposal by W i l k i n  (Wi.7 3 )  t h a t  the  
lo ca l  p o t e n t i a l  ( the  L a p la c ia n )  should be e v a lu a te d  not  a t  th e  i n c i d e n t  pion  
energy but  a t  the  energy i t  had when i n t e r a c t i n g  w i t h  an i n d i v i d u a l  nucleon  
in th e  nuc leus .  The assumption i m p l i c i t  here is t h a t  the c o r r e l a t i o n s  
between nucleons in the nucleus a re  weak. Th is  suggest ion is not  new 
having been made very much e a r l i e r  by Frank,  Gammel and Watson ( F r . 5 6 ) f o r  
pions and by Johnson on Soper ( J o . 66)  f o r  protons .  In the fo rm er case no 
t o t a l  cross sec t io n s  were c a l c u l a t e d .  In the l a t t e r  case an express ion  
o f  the form
VM = V(1 -  — '1 ( 5 - ' *3)de
was used. (The RHS is a product  o f  V and the term in b r a c k e t s ) .  These
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are  the f i r s t  two terms in the expansion o f  the f u l l  express ion  used by 
W i l k i n  ie
(5 .44)  ■
(The term in b rackets  is  to be read as the argument o f  V ) .  As V is o f  the
as has been done in t h i s  work.  This equat ion  has to be solved n u m e r ic a l ly
by i t e r a t i o n  as the express ion  f o r  the p o t e n t i a l  is too complica ted  to  
p erm i t  an a n a l y t i c  s o l u t i o n .  In terms o f  the standard Lap lac ian  p o t e n t i a l ,  
i t  is p r i n c i p a l l y  the b parameters which a re  the energy dependent q u a n t i t i e s ,  
thus Eq. (5 *3 1 )  becomes
brackets  has been e x p l i c i t l y  rep laced  by the momentum a t  ( e - V ^ ) .  Th is  
equat ion  had to be i t e r a t e d  u n t i l  a s e l f  c o n s is t e n t  s o l u t i o n  was o b t a in e d .
C e r t a in  a m b ig u i t i e s  arose in s e t t i n g  up t h i s  c a l c u l a t i o n ,  in 
p a r t i c u l a r  the quest ion o f  whether both the real  and imaginary p a r ts  o f  
VL should be inc luded o r  on ly  the real  par t?  I f  the imaginary p a r t  was 
in c lu d ed ,  what meaning should be a t ta c h e d  to  parameters w i t h  a complex 
energy as an argument? The l a s t  p o in t  was a c t u a l l y  avoided in the f o l l o w  
ing way. I t  was necessary to  o b t a in  a n a l y t i c  forms f o r  the b parameters  
b efo re  the c a l c u l a t i o n  could be done. This  was done by a simple  
p a r a m e t r i s a t i o n .  The r e s u l t s  are  given in Appendix 3* I t  must be
o rd e r  o f  £ in the resonance region the f u l l  equat ion  (5 .^ * 0  should be used
2 eVl = -A ( ( b o ( e - V L) + b 1 ( e - V L) ) ( k [ - ( 2 e  VL+ V [ . ) ) p ( r )
+ i  b i ( e - V L) V2p ( r ) ) ( 5 . 4 5 )
where the pion lab .  momentum which is w r i t t e n  a f t e r  the f i r s t  term in
admit ted  th a t  a t  some en erg ies  the p a r a m e t r i s a t i o n  was not very good.
This was a l lowed f o r  as descr ibed  below. Since the a n a l y t i c  forms only
invo lved polynomials and exp o n e n t ia ls  i t  was p o ss ib le  to  s p l i t  them in to
real and imaginary p a r t s .  Thus each p a r t  o f  the bQ and bi  parameters
became complex and could be expressed as Re(Rebo ) ,  !m(Reb ). e t c .  Four  
new parameters were then d e f in ed  by summing up the real  and imaginary par ts  
ie
Reb = Re(Reb ) -Re( im b ) ' ( 5 . 4 6 )
o o o
e t c .  Each o f  these parameters was then a fu n c t io n  o f  the real  energ ie s
e ,  ReV and >mV.
A computer program was then w r i t t e n  to so lve  by i t e r a t i o n  the
equat ion ( 5 . 4 5 )  w i t h  these new parameters .  This was performed f o r  each
value o f  the p o t e n t i a l  as a fu n c t io n  o f  r.  The p o t e n t i a l  in the region  
0-5  fm was d iv id e d  in to  two hundred s teps .  I n i t i a l l y  i t  was req u ired  
th a t  the d i f f e r e n c e  between two success ive  i t e r a t i o n s  by less than 2 MeV 
f o r  convergence to have occurred .  L a t e r  t h i s  was reduced to 0 . 5  MeV, but  
l i t t l e  e f f e c t  was n o t ic e d .
The output  from the program was in a form s u i t a b l e  f o r  immediate  
input  to the ABACUS-M r o u t in e  as a p o in t  by p o in t  p o t e n t i a l .  F u r t h e r  
d e t a i l s  are given in Appendix 3*
The r e s u l t s  a re  shown in F ig .  ( 5 . 8 ) .  I t  was not p o s s ib le  to o b t a in  
re s u l t s  w i t h  the complex p o t e n t i a l  below the resonance because no convergence  
o f  the i t e r a t i o n  f o r  small r could be o b ta in e d .  However above the  
resonance peak there  was no s i g n i f i c a n t  d i f f e r e n c e  between the r e s u l t s  w i t h  
the complex p o t e n t i a l  and those w i t h  the rea l  p o t e n t i a l  o n l y .  D e f f i c i e n c i e s
in the p a r a m e t r is a t io n  were c o r re c te d  f o r  by c a l c u l a t i n g  the cross sec t io ns
C a r b o n  T o h a l  Cross Sec t ion s
E f f e c t  o f ( £ - V M) Fa c t o r
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Kiss \ tno je r  Model  ,
x D a  t a  ( r l )  
o D a t ~ a ( C £ R N )
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in th re e  ways a t  each energy.  These were f i r s t l y  w i th  the usual p a ra ­
meters in the usual way, then secondly w i t h  the a n a l y t i c  form and the p o in t  
by p o in t  p o t e n t i a l  but  w i t h o u t  i t e r a t i o n ,  and t h i r d l y  w i t h  the i t e r a t i o n .  
The d i f f e r e n c e  between the f i r s t  two r e s u l t s  was used to c o r r e c t  the t h i r d .
The diagram shows t h a t  the on ly  change t h a t  occurs is a broadening o f  
the resonance towards the low energy s id e .
I t  is not  s u r p r i s i n g  t h a t  the  r e s u l t s  a re  unchanged in the h ig h er  
energy region  since  V is smal l and the loca l  energy is l i t t l e  d i f f e r e n t  
from the in c i d e n t  energy.  In the region o f  the resonance V becomes la r g e  
and some e f f e c t  may be expected .  However the pion nucleus i n t e r a c t i o n  is 
not very s e n s i t i v e  to changes in the c e n t r a l  p a r t  o f  the p o t e n t i a l ;  what 
is b lac k  cannot be made b l a c k e r ;  so the e f f e c t s  would be expected to be 
sm a l l .  I t  is on ly  in the region o f  100 MeV t h a t  the real p a r t  o f  the  
p o t e n t i a l  b e c o m e s  l a rg e  and then i t  is a t t r a c t i v e .  This e x p la in s  the  
broadening o f  the resonance towards the low energy s id e .
The re su lts ,  shown do conf irm  a conclusion reached by W i l k in  in his  
paper.  There he shows t h a t  the K i s s l i n g e r  p o t e n t i a l  may be reduced to  
a loca l  p o t e n t i a l  by d e f i n i n g  an a u x i l a r y  wave fu n c t io n  <j> by
4>K( r )  = <f>(r) (1 + a ( r  )~?
where ip„(r )  is the usual K i s s l i n g e r  wave fu n c t io n  and a ( r )  = b i p ( r ) .  Thus 
K
the p o t e n t i a l  becomes
2evl: = -  A ( l + a ( r ) )  1 (b k f p ( r )  + (2em +?V2 ) a ( r )O L TT
¥(1«T7JT (Va(r)2) (5.V7)
i f  the (e-V)  term is In s e r t e d  in to  the Lap lac ian  p o t e n t i a l  the r e s u l t
is
2 0 ^  -  -A ( I + a ( r ) ) ' ' ( b 0 k [ p ( r )  + f e n y - i V 2 )ct ( r ) ) ( 5 . 4 3 )
The o n ly  d i f f e r e n c e  between these equat ions is the ( V a ( r ) ) 2 term. This
mahher
vanishes in un ifo rm nuc lear^and the models become i d e n t i c a l .  As t h i s  term 
is a loca l  term the r e s u l t  expected f o r  the Laplac ian  would be s i m i l a r  in 
shape and p o s i t io n  to t h a t  o f  the K i s s l i n g e r  model but  o f  d i f f e r e n t  magni­
tude.  This is what is observed in Fig .  ( 5 - 3 ) .
5 .6  Comments and Conclusions
The general  conclusion is t h a t  the s tandard o p t i c a l  models g iv e  a f a i r  
d e s c r i p t i o n  o f  the pion nucleus t o t a l  cross s e c t io n s .  Above 500 MeV the 
agreement w i t h  the data is very good, but  below t h i s  energy c e r t a i n  d i s ­
crepancies o ccu r ,  p a r t i c u l a r l y  around ^00 MeV. More recent  c a l c u l a t i o n s  
by Landau e t  al  U-a. 73a)have shown t h a t  t h i s  d i f f e r e n c e  between theory  and 
experiment is removed when the  h ig h e r  o rd er  p a r t i a l  waves are  included  
e x p l i c i t l y  in the p o t e n t i a l  and the c o r r e c t  k in em at ic  t r a n s f o rm a t io n  from 
the pion nucleon to the pion nucleus c.m. system is used.
The on ly  o t h e r  f a c t o r  which a f f e c t s  the high energy r e s u l t s  is the 
A>>1 appro x im at io n .  I f  the simple f i r s t  o r d e r  p o t e n t i a  1 is being used,  
then the appro ximat ion  must be kep t .  Presumably i f  h ig h e r  o rd e r  terms
were included then the c o r r e c t  ( A - 1) f a c t o r  would be used.
With these two po in ts  noted i t  can be sa id  t h a t  the L ap la c ian  and 
K i s s l i n g e r  models g ive  a good d e s c r i p t io n  o f  the re s u l t s  above 200 MeV.
In the region o f  the resonance and below i t  the s i t u a t i o n  is much 
more complica ted .  Mo model gives the peak p o s i t io n  and magnitude . 
c o r r e c t l y ,  a l l  underest im ate  energy and e x h i b i t  a s h i f t  in magnitude
r e l a t i v e  to the data as a fu n c t io n  o f  the mass o f  the nucleus.  The 
n u c le a r  c.m. mot ion ,  Fermi motion,  e v a lu a t i o n  a t  the loca l  energy and 
c o r r e c t  t r a n s fo r m a t io n  to the pion nucleus c.m. a l l  have s i g n i f i c a n t  e f f e c t s  
upon the peak p o s i t i o n  and magnitude,  but  on ly  the second o f  these leads to  
any b e t t e r  agreement w i th  the d a ta .  I t  is becoming c l e a r  t h a t  the i n t e r ­
a c t io n  in the region o f  the (33)  resonance is a complex process w i th  a 
number o f  competing e f f e c t s  o c c u r r i n g .  F u r th e r  work is necessary in t h i s  
region to develop a model which takes account o f  these var ious  processes.
Considerab le  progress has a l r e a d y  been made along t h i s  l i n e .  Landau 
and h is  c o l l a b o r a t o r s  have been c o n c e n t r a t in g  on developing an improved 
p o t e n t i a l  in c lu d in g  the c o r r e c t  k in e m at ic  t r a n s f o r m a t i o n s , ampl i tudes  w i t h  
more p h y s i c a l l y  reasonable o f f  s h e l l  behav iour  and o t h e r  e f f e c t s  such as 
those due to the Pau l i  p r i n c i p l e .  (See ( L a . 7 3 ) ,  ( P h . 7 3 ) ,  (L a .7 3 a )  and 
( K i . 7 * 0 ) .  The o t h e r  approach by Dover e t  al has been based on the Chew-Low 
eq uat ion  and once again Paul i  e f f e c t s  and o thers  due to the presence o f  
n u c le a r  m a t te r  have been included (See (D o .73) and (D o .7 ^ ) ) *
One r a t h e r  i n t e r e s t i n g  r e s u l t  o f  the work o f  Landau e t  al has been 
the development o f  a new c o o rd in a te  space p o t e n t i a l  (K i .7 *0 »  This has a
form which is very s i m i l a r  to  t h a t  o f  the "Mixed" model ie
2eVn = -  A (bQk2p ( r )  -  b j  V . (p ( r )V )
-  1) b 1 V2p ( r ) ) ( 5 .^ 9 )
as compared w i th
2eVM = -A (bokj*p(r )  -  X b r f  ( p ( r ) V )
+ Abi V2p ( r ) ) ( 5 . 5 0 )
Where is the nucleon t o t a l  energy and i t s  mass> and 0 < A < 1.
I t  has always been ma in ta in ed  t h a t  the "mixed" model was no more than 
a useful  express ion  f o r  c a l c u l a t i o n  the Coulomb e f f e c t s  a t  low e n e r g ie s ,  
now i t  appears to  have some t h e o r e t i c a l  j u s t i f i c a t i o n ]
6. Coulomb E f f e c t s  in the Pion Nucleus I n t e r a c t i o n
6.1 In t r o d u c t  ion
Two e f f e c t s  due to  the Coulomb i n t e r a c t i o n  have a l r e a d y  been
descr ibed  in Chapter  3,  these  were the  o r d i n a r y  Coulomb s c a t t e r i n g  and
the Coulomb-nuclear  i n t e r f e r e n c e .  They were c a lc u la t e d  using o p t i c a l
models t o  de scr ib e  the n u c le a r  i n t e r a c t i o n ,  and the e f f e c t s  removed
from the p a r t i a l  cross sect ions,  b e fo re  e x t r a p o l a t i o n  to zero  s o l i d
+angle .  Never the le s s  a d i f f e r e n c e  s t i l l  remains between th e  i t  and 
7T t o t a l  cross s e c t io n s .  This is caused by the d i s t o r t i o n  o f  the  
pion wave by the presence o f  the Coulomb f i e l d ,  as has a l r e a d y  been 
noted in Sect ion 3-5  (See Eqs. (3 *13 )  and ( 3 * 1 * 0 ) *
The work descr ibed  in t h i s  chapter  was done f o r  two reasons:
(a)  To t e s t  the p r e d i c t i o n s  o f  the Coulomb d i f f e r e n c e s  made on 
the basis o f  c a l c u l a t i o n s  w i t h  the o p t i c a l  models and a semi-  
c l a s s i c a l  model.
(b) To e s t a b l i s h  a method o f  c a l c u l a t i n g  the Coulomb d i f f e r e n c e  
in the case o f  the odd n u c le i  so t h a t  any remaining d i f f e r e n c e  
would be s o l e l y  due to  n u c le a r  e f f e c t s .  This was necessary f o r  
the c a l c u l a t i o n  o f  the pion nucleus co upl in g  constant  (See 
Chapter  7 ) .
This chapter  a ls o  includes  a comment on the s h i f t  in the resonance  
peak due to Coulomb e f f e c t s .
6 .2  O p t ic a l  Model C a lc u la t io n s  o f  the  Coulomb D i f f e r e n c e
In the previous chapter  i t  was shown t h a t  the standard  o p t i c a l  
models ( K i s s l i n g e r  and Lap lacian  w i t h  the b parameters)  gave q u i t e  a 
good va lu e  f o r  the t o t a l  cross s e c t i o n s ,  even in the region o f  the  
resonance. The var ious m o d i f i c a t i o n s  proposed did not  g r e a t l y  
improve the agreement w i th  the data so the c a l c u l a t i o n s  o f  the  Coulomb 
d i f f e r e n c e  were done using the stan dard  models.  The m o d i f ied  models
do not  g iv e  r e s u l t s  very  d i f f e r e n t  from those o f  the standard ones as 
g e n e r a l l y  they o n ly  s c a le  up o r  down the cross sec t io n s  lea v in g  the  
d i f f e r e n c e  unchanged.
The a c tu a l  q u a n t i t y  c a l c u l a t e d  was
This was done using the K i s s l i n g e r  (A = 0 . 0 ) ,  Mixed (A -  0 . 5 )  and
Laplac ian  (A = 1 .0 )  models. The Mixed model was included as i t  had
given the best  p r e d ic t i o n s  f o r  the o t h e r  Coulomb e f f e c t s  and i t  was 
thought to  be o f  i n t e r e s t  to  see how w e l l  i t  p re d ic te d  the Coulomb 
di f f e r e n c e .
The r e s u l t s  f o r  the th re e  isospin  zero n u c le i  a re  shown in 
Figs.  ( 6 . 1 ) -  (6. 3 ) .
6 . 3  C a lc u la t io n s  w i t h  a Semi-C1 a s s ?cal Model
This model was proposed in a l e t t e r  by F a ld t  and P i lk u h n ,  (Fa. 72 ) .  
The d e r i v a t i o n  o f  the model is o u t l i n e d  below.
The pion is considered to  be moving in a c l a s s i c a l  o r b i t  under the
i n f lu e n c e  o f  a Coulomb p o t e n t i a l  such t h a t
Z m
w TT u  \
Z and Z a re  the pion and n u c le a r  charges,  a  is the f i n e  s t r u c t u r e  ir
constant  and r is the d is ta n c e  between the pion and the o r i g i n  o f  the  
potent  i a l .
R e l a t in g  the pion energy and momentum by the usual r e l a t i v i s t i c  
express io n ,
(6 . 1 )
p2 ( r )  = ( E - V ( r ) ) 2 -  m2 = k2 -  2 EV(r)
71
( 6 . 3 )
Expressing £  in terms o f  i t s  r a d i a l  and an g u la r  components
p2 = p2 + 1 (1 +  l ) / r 2 (6.A)
and s e t t i n g  p^ = o leads to
( 6 . 5 )
Two assumptions a re  then made, t h a t  the nucleus is com ple te ly  absorbing  
and is s p h e r i c a l .  The f i r s t  is a f a i r  approximat ion in the region o f  th e  
resonance  though i t  is not  n orm al ly  so f o r  l i g h t  n u c le i  as the r e s u l t s  
o f  Chapter  3 show (Tab le  3 * 3 ) .  The second is c l e a r l y  not  good f o r  a 
deformed nucleus l i k e  carbon.  However under these assumptions t h e r e  
w i l l  be absorp t io n  in a l l  p a r t i a l  waves up to  t  = L. The t o t a l  s trong  
cross sec t io n  is then
L '
a = 27tR‘s k O
£=o
l ( l+ i )
k‘
(6 . 6 )
The in t r o d u c t i o n  o f  the  approximate sum o f  the s e r i e s  in t  I s  again  
q u e s t io n a b le  s in ce  not  many p a r t i a l  waves a re  invo lved  in the case o f
A.c
=  ' +  2EZa ( 6 . 7 )
R is then r e l a t e d  to the st ro ng cross s e c t io n  by
R = (6 . 8 )
Thus the  Coulomb d i f f e r e n c e  f o r  an isosp in  zero  nucleus is given by
Using the average va lues  f o r  a  o b ta in ed  from the d a t a ,  t h i s  d i f f e r e n c e  
was ev a lu a te d  over  the  energy range 80 to  860 MeV and the r e s u l t s  
p l o t t e d  as in F ig s .  ( 6 . 1 ) — ( 6 . 3 ) *
6 . 4  Results
The p r e d i c t i o n s  o f  the o p t i c a l  models and the s e m i - c l a s s i c a l  one 
are  compared w i t h  the data in the f i g u r e s  mentioned above. There is 
good agreement between the  p r e d ic t io n s  and the data down in energy as 
f a r  as the resonance peak, but below t h i s  energy the p r e d i c t i o n s  g ive  
in c r e a s in g l y  d i f f e r e n t  r e s u l t s .  This behaviour may be understood as 
fo l lo w s .
In the case o f  the  s e m i -c Ja ss ica l  model the b lack  d is c  assumption  
is an o v e r - e s t im a t e  a t  low energ ies  where the nucleus becomes more 
t ra n s p a re n t  to  the p ion.  The Lap lac ia n  model g ives  a b e t t e r  d e s c r i p ­
t i o n  o f  the nucleus and in f a c t  shows a decrease in the  d i f f e r e n c e .
The K i s s l i n g e r  p o t e n t i a l  being n o n - lo c a l  is s e n s i t i v e  to  the s h i f t  in 
the i n t e r a c t i o n  energy o f  the tt and tt in the presence o f  the  Coulomb 
f i e l d .  This becomes i n c r e a s i n g ly  importan t  a t  low e n e rg ie s .  W i l k i n  
(Wi. 73) has used the simple form f o r  t h i s  e f f e c t
Acr _ JfZaE
0  k z/ o / 2 ,n
_  Q ro
VJ
Oinin o
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AE = —i — (6.10)
and
A ct  2 Z a  1 8 a
a ~Ja77H  a 3E (6‘ n )
Even a glance a t  the f i g u r e s  o f  the t o t a l  cross sec t io n s  shows the
in c re as in g  importance o f  the g r a d i e n t  term on the s id e  o f  the resonance.  
3 /2The 1 /a  f a c t o r  m a gn i f ie s  t h i s  a t  smal l  values o f  a. The Lap lac ian  
p o t e n t i a l  being loca l  is not  s e n s i t i v e  to  t h i s  a t  a l l .  Since h a l f  o f  
the mixed "model" comes from the K i s s l i n g e r  model i t  a ls o  shows t h i s  
e f f e c t  but to a l e s s e r  e x t e n t .  I t  is the model most c o n s is t e n t  w i th  
the  data though i t  under es t im ates  the lowest  energy p o i n t .
By way o f  comparison the r e s u l t s  o f  a c a l c u l a t i o n  w i th  the  com­
bined model used by W i lk in  a re  shown in F ig .  ( 6 . 4 ) .  This model 
in vo lves  the a d d i t i o n  o f  the terms in Eq. (6 . 9 ) and ( 6 . 1 1 ) .  This  
appears to  g ive  the best  agreement w i th  the data in the low energy  
reg ion .
6 . 5  Coulomb Displacement o f  the Resonance Energy
The Coulomb b a r r i e r  causes a s h i f t  in the p o s i t i o n  o f  the peak o f  
the resonance amounting to  an energy d i f f e r e n c e  o f
AE = I p -  = (6.12)
>/a/27r
between the t t  and 7r  resonance peaks. The values f o r  0 , ' C , q _ i  a re  
6 ,  5 and 3 MeV r e s p e c t i v e l y .  There is some ev idence  in the  data o f  a 
s h i f t  but  i t  cannot be c a l c u l a t e d  because the peak is not  d e f in ed  
s u f f i c i e n t l y  w e l l ,  p a r t i c u l a r l y  f o r  oxygen (See F ig .  3 - 3 ) *
The K i s s l i n g e r  model p r e d i c t io n s  show such a s h i f t  o f  the o r d e r  o f  
10 MeV as expected.  For h e a v ie r  n u c le i  the  s h i f t  is more marked and 
in the  case o f  su lp hur  f o r  example,  K i s s l i n g e r  model p r e d ic t s  a
C o u l o m b  D i f f e r e n c e
f o  r C a r  bo n
Sem i- C\a ss \ c a i and  
Coulomb Barrier Modelor
10 j-
ZOO100
d i f f e r e n c e  o f  kO MeV. U n f o r t u n a t e l y  the sulphur data is not  a v a i l a b l e  
in the  two charge s t a t e s  as the CERN group on ly  c a l c u la t e d  the average  
va lue and the d i f f e r e n c e  (See W i. 7 3 ) .
6 . 6  Conclus i ons
The Coulomb d i f f e r e n c e  appears to  be a s i g n i f i c a n t  f a c t o r  on ly  f o r  
energ ies  lower than the resonance energy.  In the low energy region  
none o f  the models s u c c e s s f u l l y  p r e d i c t  the d i f f e r e n c e ,  however a 
summation o f  the s e m i - c la s s ic a l  model and the express ion  f o r  the  
Coulomb b a r r i e r  e f f e c t  as used by W i lk in  e t  al  does seem to  be more 
su c ces s fu l .  I t  is perhaps s u r p r i s i n g  t h a t  such a simple model w i th  
a l l  the approximat ions in h eren t  in i t  should g iv e  such a good d e s c r i p ­
t io n  o f  the Coulomb d i f f e r e n c e .  I t  shows once again t h a t  though the  
pion nucleus i n t e r a c t i o n  may be complica ted i t s  bu lk  p r o p e r t i e s  can 
be descr ibed  by very simple models.
A f u r t h e r  problem is the model dependence o f  the r e s u l t s  in t h i s
reg ion j  but can be sa id  w i th  some co nf idence  t h a t  an upper l i m i t  has
been se t  f o r  the d i f f e r e n c e  by the r e s u l t s  presented here because 
\ 1 *(a) the mixed model and d is p ers io n  r e l a t i o n  c a l c u l a t i o n s  a re  in 
good agreement,  and
(b) th e r e  is good agreement between t h i s  data arid t h a t  o f  the  
CERN group who used the combined s e m i - c a l s s i c a 1 and Coulomb 
b a r r i e r  model in t h e i r  a n a ly s is  which probably g ives  an 
over  e s t im a te  o f  the  d i f f e r e n c e .
To be ab le  to  s p e c i f y  the  d i f f e r e n c e  more c l o s e l y  than t h i s  would  
r e q u i r e  d i f f e r e n t i a l  cross sec t io n  data  o f  the s o r t  produced by Binon 
(B i .  7 1 ) .
Above the resonance the d i f f e r e n c e  is we l l  represented  by a l l  the  
models w i t h  the Lap lac ian  being m a r g in a l l y  b e t t e r  than the o t h e r s .
For l i g h t  n u c le i  such as a re  considered here the Coulomb s h i f t  in
the peak energy is not  s i g n i f i c a n t .
Having obta in ed  a good e s t im a te  o f  the Coulomb e f f e c t s  in n uc le i  
i t  was then p o s s ib le  to  move on to the e v a l u a t i o n  o f  the pion nucleus  
coupl ing co n s ta n t .  This is descr ibed  in the next  chapter  where i t  
is shown how an e s t im a te  o f  the  Coulomb d i f f e r e n c e  in a more model 
independent way became p o s s ib le .
7. The Pion Nucleus Coupl ing Constant
7.1 In t ro d u c t io n
The work o f  Er icson and Locher has a l re a d y  been descr ibed  in 
Chapter  k ,  where i t  was shown t h a t  one consequence was a method o f  
c a l c u l a t i n g  the real  p a r t  o f  the forward s c a t t e r i n g  am pli tude f o r  
T = 0 n u c l e i .  The second consequence was a way o f  o b t a in in g  a va lue  
o f  an e f f e c t i v e  pion nucleus coupl ing  constant  f o r  T = \  n u c l e i .
The work done by Ericson and Locher gave a va lue  o f  0 .06  ± 0 .0 3  f o r
9
Be, which is c lo se  to the pion nucleon v a lu e ,  but t h i s  c a l c u l a t i o n
was based on r a t h e r  incomplete data using tt  9Be and t t + 12C ,  where the
9 O 83l a t t e r  q u a n t i t y  was sca led  down by the f a c t o r  (•— ■) * . Furthermore
no account was taken o f  e f f e c t s  due to  the Coulomb f i e l d  which give  
a d i f f e r e n c e  in the 7T+  and t t  r e s u l t s ,  as was shown in the previous  
c hapter .
Before a more ac cura te  value  f o r  the coupl ing constant  could be
o b ta in ed  i t  was necessary to do much o f  the work descr ibed  p r e v i o u s l y
^  —
in t h i s  t h e s i s .  Total  cross sec t io n s  were obta ined f o r  t t  and t t  on
7  • .  9Li and Be. Then a method o f  c a l c u l a t i n g  the Coulomb d i f f e r e n c e  
was developed using the o p t i c a l  and s e m i - c l a s s i c a 1 models, and t e s t ­
ing t h e i r  p r e d ic t io n s  w i t h  r e s u l t s  from even nu c le i  where the on ly  
d i f f e r e n c e  arose from Coulomb e f f e c t s .  Only then was i t  p o s s ib le  to  
s t a r t  on the work o f  a c t u a l l y  c a l c u l a t i n g  the coupl ing  cons t a n t  as 
is descr ibed  in t h i s  chapter .
7* 2 The E f f e c t i v e  Coupling Constant
The d e r i v a t i o n  o f  an expression f o r  the e f f e c t i v e  coupl ing  con­
s t a n t  is s i m i l a r  to t h a t  descr ibed  in Chapter  k .  The bas ic  
d isp ers io n  r e l a t i o n  is
00
Re f ~ ( w )  = -  P [  -|rmv f - i -W'  ^ dw' (7.  1)
TT J  ( w ' - w )
-0 0
where f  (w) is the a n t i - s y m m e t r ic  s c a t t e r i n g  ampli tude de f in e d  by 
Eq. ( 4 . 2 ) .  Using the a p p r o p r i a t e  cross ing  r e l a t i o n  (Eq. 4 . 3 ) ,  t h i s  
can be w r i t t e n  as
00
Re f- (w) = 2w P [  iSuQ w 'l dw, (7.2)
TT I i 2 2
*  W 1 “ Wo
oo
= + ^ P J l S - t i w.' ). dw> (7.3)
2 2 TT /  i 2 2W -W /  W 1- W T  '   “ W
I W o
where the pole terms have been w r i t t e n  e x p l i c i t l y .  Expressing  
the Im f  (w) in terms o f  the t o t a l  cross sec t io n s  by means o f  the  
o p t i c a l  theorem,
2 r .w  F k 1 (g -  -  a + ) dw1 (7 * 4 )/ 7T x tt xfRe f  (w) = £ — •— + — P /
U,2-W2 llTT2 Jw w 4tT ' w w ' 2  -  w:
i o
The i n t e g r a l  in Eq. (7 *4 )  converges as w'*»<» because o f  the e q u a l i t y  o f  
the t o t a l  cross sec t io ns  a t  high energy (Pomeranchuk theorem) ,  so no 
s u b t r a c t i o n  is necessary t h i s  t ime.  I f  the real p a r t  o f  the a m p l i ­
tude is ev a lu a te d  a t  w = m and terms o f  the o rd e r  w2/m2 are  ignored7T I TT
the f i n a l  express ion is obta in ed
2
£ r i = re f f = T  R e f " (" V ) + i ' /  dw‘ ( 7 ' 5)
wo
Acr ( w  1 ) = (a -  -  a + ) (7 .6 )
tt x tt x
I t  has been assumed t h a t  as the poles are close  to g e th e r  and to w = o
they appear as a s i n g l e  e f f e c t i v e  po le  f o r  w > m^, so £ r .  has been
w r i t t e n  as r r r .e f  f
7 .3  C a lc u l a t i o n  o f  the Coupl ing Constant
As w i t h  the Re f (w)  in Chapter  4 the c a l c u l a t i o n  d iv id e s  i n t o  two 
p a r ts  corresponding to the two terms on the RHS o f  Eq. ( 7 - 5 ) •  F i r s t  
o f  a l l  the e v a l u a t io n  o f  the real  p a r t  o f  the a n t i - s y m m e t r ic  a m p l i ­
tude a t  t h re s h o ld  is descr ibed  and then t h a t  o f  the i n t e g r a l .
7• 3• 1 Eva lu a t io n  o f  Re f  (m^).
The procedure has been o u t l i n e d  by Ericson and Locher.
The b as ic  equat ion  is
Re f  (m^) = j  {a 1 -  a 3) ( 7 . 7 )
where a* ,013 are  the s c a t t e r i n g  lengths f o r  the  T = £ and T = ^  
s ta t e s  o f  the pion nucleon i n t e r a c t i o n .  These s c a t t e r i n g  
lengths are  d er ived  from the pion nucleus s c a t t e r i n g  length aQ 
where
a„ = i [ 2 Z a A + (3N+Z) a 3] ( 7 - 8 )O 3
Values o f  aQ may be obta in ed  from mesic atom data as descr ibed  
in Chapter  4 Sec t ion 4 . 3 * 1 .
The s c a t t e r i n g  lengths were c a l c u l a t e d  in th re e  ways: -  
(a) This involved  so lv in g  two simultaneous equat ions o f  the  
type ( 7 - 8) above,
a 3 = (Z,N=Z+1)  -  a ^  (Z, N = Z)
• |  ( a i + 2 a 3) = a ^ -N (Z,N=Z+1)  -  a ( Z , N = Z + 1 )
Three sets o f  values were used 6L I , 7L i , 9Be; sBe, 1 oD i i
10B, 1XB, 12C. The values obta in ed  f o r  Re f  (m ) a re  given  
w i t h  t h e i r  e r r o r s  in the f i r s t  th re e  rows o f  Tab le  ( 7 . 1 ) .
The e r r o r s  were c a l c u l a t e d  by adding the exper im enta l  e r r o r s  
in q u ad ra tu re .
This t ime ab so lu te  values o f  aQ were used needin g  on ly  p a i r s  o 
pion nucleus s c a t t e r i n g  lengths ie
aE = a ~K1 (Z, N=Z) O TT N ’
a°  = a -  (Z, N=Z+1)O TT N ’
where the s u p e r s c r ip ts  i n d i c a t e  even and odd n u c le i  respec­
t i v e l y .  The p a i r s  chosen were 6L i ,  7L i , 9Be, 10B; 10B, 11
and the re s u l t s  a re  given in rows 4 -6  o f  t a b l e  (7 •1 )♦
A program FATAL was used to  f i t  the seven values o f  aQ w i th  
the fu n c t io n
2 -7 /3N ± ± \*3* Zai + (-----^-------) a 3
The seven values r e f e r r e d  to are f o r  ^He, 6L i , 7L i , 9Re,
1CB, J1B and 12C and a re  given in Table  ( 7 * 2 ) .  The r e s u l t  
is given in the seventh row o f  Tab le  ( 7 . 1 ) .  The e r r o r  
based on t h a t  c a l c u l a t e d  by the program was much s m a l l e r  
than the e r r o r s  o b ta in ed  by o t h e r  methods (± 0 .0 0 2 )  so a 
va lu e  o f  0.01 was assigned as being more t y p i c a l  o f  the e r r o r  
expected.
TABLE 7-1
Values obtained for  Re f(rnffr)
r — ” . .....-
S
Method Nuclei Results , 
(mr )
D i f f e r e n c e s 6 Li , 7 Li 9 Be - 0 . 0 5 6 ± 0 .036
9 Be 10B 11 B - 0 . 0 ^25±0 .010
10 B 11B 12C -0 .0 A 7 5 ± 0 .0 1 0
Absolute V a 1ues 6 Li , 7Li - 0 .  05^±0. 030
10 B , 11 B - 0 . 0 ^ 3 ± 0 .012
9 B e ,10 B J  - 0 . 0 ^ 2 ± 0 . 0 1 0
F i t t i n g  Program 4 He,6 L i , 7 L i , 9 B e , 10B, i
iii
j
11B , l 2 C i - 0 . 0 4 8 ± 0 .010i
I___ ______ __
TABLE 7-2
Values o f  the s ca t te r in g  length
i
Nucleus
i
Re fti ( m  ) ' 1 in |
............ .. _ i
4 He
i
- 0 . 127±0.06 |
6 Li - 0 . 126±0.02 |
7Li - 0 . 2 0 1 1 0 . 0 2  !;
9 Be
i
- 0 . 2 3 9 1 0 . 0 0 7  |
10 B - 0 . 2 1 9 1 0 . 0 0 8  |
11 B - 0 . 2 8 ^ 1 0 . 0 0 8  j
! i 2 ci
! ■ ■  ■■. .......
!
- 0 . 2 5 ^ 0 . 0 0 5  1
1
ii
The average va lu e  o f  Re f  (m ) ob ta in ed  was 0.0A8 w i t h  an
e r r o r  o f  ± 0 .0 2 0  which was the RMS e r r o r .  This va lu e  agrees
w i t h i n  e r r o r s  w i t h  t h a t  o b ta in ed  by Ericson and Locher which
was 0 .0 5 5  ± 0.015*
7*3 *2  E v a lua t io n  o f  the In t e g r a l
Three major u n c e r t a i n t i e s  came in t o  the e v a lu a t i o n  o f  the
i n t e g r a l .  The f i r s t  was due to the s u b t r a c t io n  o f  the Coulomb
d i f f e r e n c e  from the cross s ec t io n  d i f f e r e n c e s  to ensure t h a t  Aa
was only caused by the st rong  i n t e r a c t i o n .  The second was caused
by the lack  o f  data f o r  Aa below 90 MeV and the t h i r d  by s i m i l a r
lack above 1200 MeV.
The method o f  c a l c u l a t i n g  the Coulomb d i f f e r e n c e  has a l r e a d y
been descr ibed  in the previous chapter  in the contex t  o f  the
isosp in  zero  n u c l e i .  There i t  was shown t h a t  the "mixed^model
and the semi-c l  a s s ic a l  model gave good re p re s e n t a t io n s  o f  the
Coulomb d i f f e r e n c e  a t  a l l  energ ies  except  the lowest one. These
models were used to c a l c u l a t e  the c o r r e c t io n  necessary f o r  the
J --2 nu c le i  7Li , 9Be. - The Coulomb co r r e c te d  data a re  shown in
Figs.  ( 7 * 1 ) " ( 7 * * 0 *
A f u r t h e r  model independent c o r r e c t i o n  was made p o s s ib le
f o r  the 7Li data by using the r e s u l t s  from 0L i .  The method
± kemployed was to s u b t r a c t  the raw t t  Li p a r t i a l  cross s e c t io n s  from
±7those o f  ?r L i .
The r e s u l t i n g  p a r t i a l  cross sect io ns  f o r  t t  were then sub­
t r a c t e d  from t h a t  f o r  t t  and f i t t e d  by a polynomial  and
e x t r a p o l a t e d  to zero  s o l i d  angle in the usual way. This  method 
l a r g e l y  e l im i n a t e d  the Coulomb e f f e c t s ,  l e av in g  o n ly  those due to  
the d i f f e r e n c e  in the i n t e r f e r e n c e  terms.  Th is  was a very
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smal l  e f f e c t  a t  most e n e r g i e s ,  on ly  a t  the lowest  energy was i t  
more than 3% o f  a p a r t i a l  cross s e c t i o n .  The e f f e c t  on the 
i n t e g r a l  may be considered to  be i n s i g n i f i c a n t  in comparison w i th  
the e r r o r s  on each p o i n t .  The f i n a l  r e s u l t s  a re  shown in *
F ig .  ( 7 . 5 ) .
In the e v a lu a t i o n  o f  the i n t e g r a l  the Coulomb c o r r e c te d  
r e s u l t s  were f i r s t  f i t t e d  w i t h  a polynomial  f i t t i n g  r o u t in e  and 
then i n t e g r a t e d  by standard  methods. Var ious  low and high energy  
c u t - o f f s  were a p p l i e d  p r i n c i p a l l y  a t  0 and 50 MeV and 1200 and 
483 MeV. The l a s t  va lu e  was the one a t  which the d i f f e r e n c e  
changed sign and showed how much the h ig h e r  energy region c o n t r i ­
buted to the i n t e g r a l ,  i t  was found to  be about -20% (a n e g a t i v e
c o n t r i b u t i o n ) .  The assumption was made t h a t  above 1200 MeV the
i
d i f f e r e n c e  w a s  z e r o  s i n c e  t h e  t t  N c r o s s  s e c t i o n s  b e c o m e  v e r y  
s i m i l a r  i n  t h i s  r e g i o n .
The b e r y l l i u m  r e s u l t  was r a t h e r  i n s e n s i t i v e  to the low energy  
c u t - o f f .  Moving i t  from 0 to 50 MeV reduced the i n t e g r a l  by less  
than 5% but  the l i t h i u m  was reduced by up to 10%. Th is  uncer­
t a i n t y  is w e l l  covered by the 20% e r r o r  on the i n t e g r a l .  This  
e r r o r  was c a l c u l a t e d  by al lowingrandom v a r i a t i o n  o f  the data  
poin ts  w i t h i n  the e r r o r  bars shown in the diagrams.  This was 
c a l c u l a t e d  100 times and the RMS e r r o r  was used as the e s t i m a t e  o f  
the u n c e r t a i n t y  on the i n t e g r a l .  The c o n t r i b u t i o n  from the high  
energy region was always in c lu ded.
The f i n a l  r e s u l t s  were o b ta in ed  by adding t o g e t h e r  the
c o n t r i b u t io n s  from the in t e g r a l  and the Re f  (m ) .a 7r
Results
The r e s u l t s  are shown in Table ( 7 . 3 ) .  A lso included are  those o f
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TABLE 7 - 3
Values  o b ta in ed  f o r  the  coupl ing constant
Nucleus Method o f  Coulomb 
C o rre c t io n
,Result Authors
7 Li Semi-Class i c a 1 0 .0 5 1 ± 0 .0 0 7 This work
7Li O pt ica l  Model 0 .0 5 3 ± 0 .0 0 8 11
7 Li 7 Li -  6 Li 0 . 0 4 7 ± 0 .005 11
9 Be Semi-Class i c a 1 0 . o k k ± o .  007 11
9 Be Opt ica l  Model 0 . 0A 8±0 .007 11
9 Be Sem i -C lass ic a l  + 
Coulomb B a r r i e r
0 . 0A2±0.008 0s 1 and
9 Be None 0. 060±0.  030 Eri cson 
and Locher
Ericson and Locher and Osland (Os. 7 3 ) .  There is agreement w i t h i n  the  
e r r o r  bars but  the ac tu a l  va lues have been de f in ed  more p r e c i s e l y  and 
are  shown to be d e f i n i t e l y  d i f f e r e n t  from the pion nucleon va lu e  o f  
0 . 0 8 .  There is a ls o  some i n d i c a t i o n  o f  a d i f f e r e n c e  between the
7Li and 9Be r e s u l t s  showing t h a t  the coupl ing  cons tant  cannot be
considered  to  be nucleus independent.
One reason why the pion nucleus co up l in g  constant  may be d i f f e r e n t
from the pion nucleon va lue  has been suggested by M. Er icson ( E r . 71)»
and t h a t  is n u c le a r  shadowing. That t h i s  occurs is e v id e n t  from the
0 r£'3
way the cross sec t io n s  increase  by 'vA r a t h e r  than A (See Chaper 3,
Sect ion 3 * 9 ) .  Er icson suggests t h a t  the same s c a l i n g  f a c t o r  be a p p l i e d
to the coupl ing  co n stan t .  This gives values o f  0 .0 6  and 0 .0 5  f o r  
7Li and 9Be r e s p e c t i v e l y  in good agreement w i t h  the r e s u l t s  presented  
here.
I t  can be seen t h a t  the r e s u l t s  a re  somewhat model dependent.
This is due to  the v a r i a t i o n  in the Coulomb d i f f e r e n c e  c o r r e c t i o n .
The l a r g e r  t h i s  is the s m a l le r  the va lu e  o f  the coupl ing  co n s ta n t .
I t  may be deduced t h a t  the " l i t h i u m  s u b t r a c t i o n  method" is g i v i n g  a 
l a r g e r  c o r r e c t i o n  than e i t h e r  o f  the two models. Th is supports the  
conclusion o f  the previous ch ap te r  t h a t  the c a l c u l a t e d  d i f f e r e n c e s  a t  
the lowest  energ ies  were too sm a l l .  Osland gets a s m a l l e r  va lu e  f o r  
9Be than the r e s u l t s  c a l c u l a t e d  here .  He has used the c o r r e c t i o n  o f  
W i lk in  e t  al (see Chapter  6 Sec t ion 6 . A) which was shown to be l a r g e r  
than any o f  the c o r r e c t i o n s  a p p l ie d  in t h i s  work.  This i n d i c a t e s  
t h a t  t h i s  combined model is g iv i n g  a good p r e d i c t i o n  o f  the a c tu a l  
d i f f e r e n c e .
8. Conclusions and Further Work
8.1 In t r o d u c t io n
In the f i r s t  chapter  severa l  reasons were given f o r  doing the  
exper iment described  in t h i s  t h e s i s .  The purpose o f  t h i s  ch ap te r  is to 
draw t o g e th e r  the r e s u l t s  o f  the work and show t h a t  the aims have been 
f u l f i l l e d .  This work is a ls o  r e l a t e d  b r i e f l y  to some o f  the more recent  
developments.  F i n a l l y ,  areas o f  work which s t i l l  need to  be done a re  
i ndi cated .
8 .2  Summary o f  Results
The p r i n c i p a l  reason f o r  doing t h i s  exper iment was to e s t a b l i s h  
whether  o r  not  the pion nucleus co up l ing  constant  was a u n iv e rs a l  con­
s t a n t ,  equal to the pion nucleon v a lu e .  I t  is now c l e a r  t h a t  i t  is not  
nucleus independent.  I t  appears t h a t  the more massive the nucleus is 
the more the va lu e  decreases.  This seems to  be r e l a t e d  to the amount 
o f  "shadowing" by the nucleons in the nuc leus.  In an approximat ion  
where the t o t a l  cross sec t io n  is equal to A t imes the f r e e  pion nucleon  
v a lu e ,  then the coupl ing  constant  might  be expected to  g ive  a va lu e  o f
0 . 0 8 .  I f  the pion nucleon va lue is scaled  down by the r a t i o  o f  the  
normal t o t a l  cross sec t io n  to the " f r e e "  va lue  then good agreement w i t h  
the c a l c u l a t e d  values f o r  7Li and 9Be is o b ta in e d .  This conc lus ion  is 
in agreement w i t h  the r e s u l t  o f  more recent  c a l c u l a t i o n s  by M. Er icson  
(Er .  71) •
The e v a l u a t io n  o f  the real p a r t  o f  the forward s c a t t e r i n g  am pli tu de  
has been done f o r  ^He, 6Li and 12C. The r e s u l t s  are in good agreement  
w i t h  those from d i f f e r e n t i a l  cross s e c t i o n s ,  but some u n c e r t a i n t i e s  
e x i s t  because the matching between the phys ical  and unphysical  regions  
is i l l  d e f in e d ,  a t  l e a s t  f o r  6Li and X2C. In each case the energy  a t  
which Re f  becomes zero  is q u i t e  we l l  d e f in ed  and is s h i f t e d  down 
r e l a t i v e  to the pion nucleon va lu e  by a t  l e a s t  20 MeV.
The work w i th  the standard  o p t i c a l  models has shown t h a t  above 
500 MeV a simple forward s c a t t e r i n g  approximat ion gives good agreement  
w i th  the data .  Below t h i s  energy some e x p l i c i t  in c lu s io n  o f  the pion  
nucleon P-wave and h ig h e r  o rd e r  p a r t i a l  waves is necessary as w e l l  as a 
c o r r e c t  t r a n s f o r m a t io n  o f  the angle  between the in c i d e n t  and s c a t t e r e d  
'p ion from the pion nucleon to the pion nucleus c.m. system. In the  
region o f  the resonance and below i t ,  none o f  the standard  models gives  
good agreement w i t h  the data^ &  model o f  the  Lap lac ian  form being the  
b e s t .  However, i f  the suggest ion o f  W i l k i n  t h a t  t h i s  p o t e n t i a l  should  
be e v a lu a te d  a t  the pion loca l  energy is taken up then the r e s u l t ,  a p a r t  
from the magnitude is l i t t l e  d i f f e r e n t  from t h a t  o f  the K i s s l i n g e r  model.
I t  is by no means c l e a r  t h a t  t h i s  suggest ion  is c o r r e c t  in the region  
below the resonance s in ce  the  Compton wave length  o f  the pion is compara­
b le  w i t h  the n u c le a r  radius  making the i n t e r a c t i o n  one w i t h  the whole  
nucleus r a t h e r  than in d iv i d u a l  nuc leons.
I t  was mentioned in Chapter  1 t h a t  i t  was hoped t h a t  the data  
presented here would prov id e  a bas is f o r  f u r t h e r  t h e o r e t i c a l  s tu d y ,  and 
t h a t  the c a l c u l a t i o n s  w i th  the o p t i c a l  models would show areas in need 
o f  improvement. In a sense t h i s  has happened a l r e a d y ,  p r i n c i p a l l y  due to  
the work o f  Landau and his c o l l a b o r a t o r s .  They have developed a new 
separab le  p o t e n t i a l  which the c o r r e c t  t r a n s f o r m a t i o n ,  e f f e c t  o f  Fermi 
motion,  n u c le a r  c.m. c o r r e c t io n s  and h ig h er  o rd e r  p a r t i a l  waves have 
been inc luded .  They have a ls o  ap p ro x im ate ly  taken account o f  the Pau l i  
e f f e c t .  They obta ined  e x c e l l e n t  agreement w i t h  the data o b ta in ed  in the  
Ru th er fo rd  Laboratory exp er im e nt ,  even in the resonance region (See ( L a . 73 & ) ) •  
I t  may be sa id  t h a t  the standard  o p t i c a l  models have been shown to be 
d e f f i c i e n t  a t  l e a s t  in the resonance region and t h a t  the new forms 
proposed should rep lace  them. The main v i r t u e  o f  the o ld  models is t h e i r  
s i mp1 i c i t y .
Work on the Coulomb e f f e c t  in the  pion nucleus i n t e r a c t i o n  has shown 
the simple s e m i - c la s s ic a l  model o f  F a ld t  and P i lkuhn al though reasonable  
to be inadequate  below 90 MeV. I f  however the e f f e c t  o f  the Coulomb 
b a r r i e r  is inc luded then q u i t e  a good d e s c r ip t i o n  o f  the Coulomb d i f f e r e n c e  
is o b ta in e d .
8 .3  F u r t h e r  Work
Measurements o f  t o t a l  cross se c t io n s  a t  low e n e r g i e s ,  0 to  100 MeV, 
are  s t i l l  needed to  d e f i n e  the real  p a r ts  o f  the forward s c a t t e r i n g  
ampli tude  f o r  6Li and 12C more p r e c i s e l y .  Once these values are  a v a i l ­
ab le  then the Coulomb-nuclear  in t e r f e r e n c e  term can be c a l c u l a t e d  w i th  
more conf idence  and thus t o t a l  cross sec t io ns  f o r  charged pions ob ta in ed  
using the method o f  a n a ly s i s  o f  W i lk i n  e t  al  (W? .7 3 ) •  C a lc u la t io n s  o f
the Coulomb d i f f e r e n c e  could be te s t e d  a t  lower e n e r g ie s .  I t  would a lso
be i n t e r e s t i n g  to see the  r e s u l t s  o f  c a l c u l a t i o n s  o f  the Coulomb 
d i f f e r e n c e  and a ls o  values o f  Re f  using the new o p t i c a l  models.
With more conf idence  e s t a b l i s h e d  in the methods o f  Coulomb c o r r e c t ­
ing the data a t  these low e n e r g ie s ,  and w i t h  f u r t h e r  data a v a i l a b l e ,  the  
coupl ing  constants could be e v a lu a te d  more a c c u r a t e l y .
I t  s t i l l  remains f o r  c a l c u l a t i o n s  to be done w i t h  the new o p t i c a l  y o d e l s
f o r  the range o f  n u c le i  f o r  which data is now a v a i l a b l e  ie  6L i ,  12C, 160
(and a ls o  ^He and 32S from the CERN e x p e r im e n t ) .  I n i t i a l  c a l c u l a t i o n s  
by Landau f o r  160 ,  w i t h o u t  in c lu d in g  the Paul i  e f f e c t ,  show the same over  
e s t i m a t i o n  o f  the  cross se c t io n s  as was o b ta in e d  w i t h  the L ap lac ia n  model 
(See ( P h . 7 3 ) ) .
I f  i t  is t r u e  t h a t  the s h i f t  in the magnitude o f  the model p r e d i c ­
t io n s  r e l a t i v e  to  the da ta  is due to the Paul i  e f f e c t  then i t  would seem 
t h a t  most o f  the in fo rm a t io n  from t o t a l  cross sec t io n s  had been o b ta in e d  
and t h a t  the main need now is f o r  e x t e n s iv e  d i f f e r e n t i a l  cross s e c t io n  
measurements. Only when these a re  a v a i l a b l e  w i l l  the p o s s i b i l i t y  o f
o b ta i n in g  n u c le a r  s t r u c t u r e  in fo rm at io n  r e a l l y  e x i s t .  For t h i s  data  
the advent o f  the new meson f a c i l i t i e s  must be aw a it ed .
{
APPENDIX 1
■ B fM a B a S H M M B l
The purpose o f  t h i s  appendix is to g iv e  an o u t l i n e  o f  the d e r i v a t i o n  
o f  the  o p t i c a l  p o t e n t i a l  based on the wel l  known work o f  Kerman, McManus 
and T h a l e r .  (K e .5 9 ) -  The i n t e n t i o n  o f  the  work is tw o fo ld .  F i r s t l y  to 
express the compl icated  pion nucleus i n t e r a c t  ion as the i n t e r a c t i o n  between 
t h e p i o n a n d  an o p t i c a l  p o t e n t i a l  and secondly to r e l a t e  t h i s  p o t e n t i a l  to  
two body processes which' opens t h e  way f o r  the r e s u l t s  o f  the work on the  
pion nucleon i n t e r a c t i o n  to be used as input  f o r . t h e  c a l c u l a t i o n  o f  the  
potent  i a l .
The Ham il ton ian  f o r  the pion nucleus system is w r i t t e n  as the sum o f  
th re e  terms,  the pion energy K^, the energy o f  the nucleus and the 
i n t e r a c t i o n  energy V.
H = K + Hki + V (A l .  1)TT N V
The f i r s t  step in i n t e r a c t i o n  in terms o f  two body o p e ra to r s  is made 
by n o t in g  t h a t
V = I  v.  ( A . 1 .2 )
I
where v.  describes  the i n t e r a c t i o n  o f  the pion and the i t h  nuc leon.
The Schrodinger equat ion  f o r  the i n t e r a c t i o n  is
Hi|) = ( K + H N+V)ijj = El}' (A 1 .3 )
where t/j is the product  o f  the pion and nucleon wave fu n c t io n s .
This equat ion  is re -expressed as an in t e g r a l  equat ion
^ Xo + E -  K_ -  H„ + ie (A l .A )
TT M
= XG + Go (Al.*»)
where is the i n i t i a l  s ta te ,  o f  the system ic  pion p lane wave s t a t e  and 
n u c l e a r  ground s t a t e .
I f  the s c a t t e r i n g  m a t r i x  is int roduced  as
T = <X f |V|i|i> (A1 .5 )
where X f  *s the f i n a l  s t a t e  o f  the system and the M i l l e r  o p e r a t o r  ft is 
d e f in ed  by
’i' = %
then the i n t e g r a l  equat ion  f o r  the s c a t t e r i n g  m a t r i x  can be w r i t t e n  as
T = y + vg+ j  (A1 .6 )
Since V = £ v.  and the nucleon wave fu n c t io n s  are  a n t is y m m e tr ic  V can 
i
be rep laced by Av, thus
T = A v (1 + G* T) (A1 .7 )
The two body s c a t t e r i n g  m a t r i x  in the nucleus is d e f in ed  by
t  = v+ v G+ t  o (A1.8 )
whereas the f r e e  two body m a t r i x  is
T = v +  vg+x ( A1 . 9 )
and the r e l a t i o n  between the two is
t . =  t +. t (G* -  g+) t  (A l .  10)
Solv ing  Eq. (A1 .8 )  f o r  v leads to
v = t  --------------- --- ----------- !— -  t  (Al . 1 1 )
1 + G t  1 + t G  o o
and s u b s t i t u t i n g  f o r  v in Eq. ( A l .7 )  gives
T = At  ---------- !  (A. 1 .1 2 )
1 -  ( A - 1) G to
A - 1
D e f in in g  T'  = —r— T and s u b s t i t u t i n g  in Eq. (A1.12)  leads to
T' = ( A - l ) t  -------------!----------- ( A l . I k)
l - ( A - l )  G+ to
which on re a r ra n g in g  gives an i n t e g r a l  equat ion f o r  T 1 ie
T'  = ( A - l ) t  (1+G+ T ' )  ( A l .1 4 )
D e f in in g  VQ = ( A - l ) t  then
T' = Vq ( 1+G+ T ' )  ( A . 1 .1 5 )
W r i t i n g  t h i s  equat ion  f o r  s c a t t e r i n g  which leaves the nucleus in the. 
ground s t a t e
< 0 |T ' |0 >  = <0|uo |0> + I <0|Uq |N> G*(E-E ) <NI t I0>  ( A l . ’ A)
This express ion may be s p l i t  in to  two p ar ts  'depending o n ly  on the ground
s t a t e  and e x c i t e d  s ta t e s  r e s p e c t i v e l y  by means o f  the p r o j e c t i o n  o p era to rs
P and Q. d e f in e d  as o o
Pq = 10 X 0 1 and Q = £ |N><N|
N=o
where
P + Q = 1  o o
Thus
T'  = V + V G+ (P + Q. ) T» o o o o o
= V *  V G+P T' + V G+Q. T ' (Al .17 )o O O O o o o
R e-ar ran g in g  t h i s  express ion  and d e f in i n g
V = V (1 -  G+ Q V ) ” ' ( A l . 1 8 )
o  o  o  o
cj! ves
T'  = V(1 + G+P T ' )  o o ( A l . IP)
which in terms o f  ground s t a t e  q u a n t i t i e s  is
( A 1 . 2 0 )
s in ce  the ground s t a t e  energy o f  the  nucleus is de f in ed  to be ze ro .  The 
o p t i c a l  p o t e n t i a l  is thus
Thus the aim o f  express ing  the s c a t t e r i n g  in terms o f  an o p t i c a l  
p o t e n t i a l  which is i t s e l f  w r i t t e n  in terms o f  two body o p e ra to rs  has been 
achieved.
Two approximat ions a re  made a t  t h i s  p o i n t .  The f i r s t  is the coherent  
s c a t t e r i n g  approximat ion which neg le c ts  a l l  the v i r t u a l  n u c le a r  e x c i t e d  
s t a t e s .  Eq. (A 1 .2 1 )  becomes
Then the impulse appro ximat ion  where the two body s c a t t e r i n g  m a t r i x  in the  
nucleus is replaced by t h a t  o f  the f r e e  s c a t t e r i n g  m a t r i x  in which case Eq. 
(A l . 22) becomes
V = (A—1) < 0 1110> oo ’ ( A l . 2 2 )
Voo = (A _ ,)  <0ITI0> ( A l . 2 3 )
This is a good approximat ion f o r  high en erg ies  but  is q u e s t io n a b le  in the  
region o f  a resonance.  Goldberger and Watson who i n v e s t i g a t e d  the  v a l i d i t y  
o f  t h i s  approximat ion (Go.64)  show t h a t  i t  depends on the b in d in g  energy  o f
the nucleus o r  a l t e r n a t i v e l y  the d u r a t i o n ' o f  the c o l l i s i o n . .  Landau 
( L a . 73) has p o in ted  out  t h a t  w i t h  a resonance w id th  o f  120 MeV the c o l l i s i o n  
is very rap id  in comparison w i t h  the t ime s ca le  o f  the motion o f  the  
nucleon in the nuc leus ,  making the approximat ion more p l a u s i b l e .  More 
c l a r i f i c a t i o n  o f  t h i s  p o in t  is however necessary.
Equat ions (A1 .20)  and ( A l .2 3 )  form the basis  f o r  the d e r i v a t i o n  o f  the  
standard forms o f  the o p t i c a l  p o t e n t i a l  as is descr ibed  in Chapter  5.
APPENDIX 2
The var io us  parameters used in the d e f i n i t i o n  o f  the s c a t t e r i n g  
ampli tudes  and the o p t i c a l  models a re  given in t h i s  appendix.  The
values obta in ed  f o r  the b,  b 1 and 3 parameters a re  t a b u l a t e d .  (See
Tables ( A 2 . 1 ) ,  ( A 2 . 2 ) ,  ( A 2 . 3 ) ) -
The equat ion  f o r  the s c a t t e r i n g  a m p l i tu d e ,  ig n or in g  spin and 
isospin  e f f e c t s  i s
f  "  3 q 2 J 0 U (0 £ l  , 2 i - l  +  +
(M)(Va*+1 +2a3,U+1» V CO50) (A2' ,}
(See (L e .7 1 )  f o r  d e f i n i t i o n  o f  f  in c lu d in g  spin and i s o s p i n ) .  In 
(A2 .1 )  the s u p e r s c r i p t  £ in d ic a t e s  the o r b i t a l  angu la r  momentum, the  
f i r s t  s u b s c r ip t  is 21 ,  where I is the t o t a l  isosp in  in the pion 
nucleon system; the second s u b s c r ip t  is 2 j , where j  is the t o t a l  
a n gu lar  momentum a is d e f in e d  as
2i6
,  X, 2 1 , 2  j  ,
a 2 l , 2 j  = fa2 | f 2 j  e '  0 / 2  . (A2. 2 )
Here 6 is the phase s h i f t  and ri is the i n e l a s t i c i t y  parameter .  In 
the region o f  the (3 3) resonance n is u n i t y  and Eq. (A2 .2 )  can be 
w r i t t e n  in i t s  more f a m i l i a r  form
a^.  . *  sin(<S^, . )  e x p ( i  <5^ . 0 . )  (A 2 .3 )
2 1,2J 2 1,2J K 2 1,2j v
For S and P- waves o n ly  Eq. ( A 2 . 1) becomes
TABLE A2.1
Values of  the b parameters
i '
! Pion Momentum j
i
K i n e t i c  Energy Re b0 Im b0 Re b Im b^
(MeV/c)  j
!
(MeV/c) ( fm3) (fm3) (fm3) ( fm3 )
.
9 8 .7 31 .3  • - 1 . 4 6 0.91 6 .8 9 0 .7 0
138.1 5 6 .8 - 1 . 6 4 0.64 8 .24 2 .0 3
177.6 8 6 .3 - 1 . 2 4 0 .48 8 .85 3.91
217.1 118.5 - 0 . 9 9 0 .4 6 7.35 6 .6 7
256 .5 152.5 - 0 . 8 7 0.49 4 .1 2 8 .19
2 9 6 . 0 187.7 - 0 . 6 3 0 .4 4 0.65 7 . 1 7
335 - ^ 22 3 .7 - O .36 0 .3 6 - 1 . 4 4 5 .0 4
37^ .9 260 .5 - 0 . 1 7 0 . 33 - 1 . 9 8 3 .2 6
4 14 .4 2 9 7 .7 - 0 .0 6 0 .35 - 1 . 7 8 2 .0 8
4 53-8 335.2 0.02 0.37 - 1 . 4 5 1 .40
4 93 .3 373.1 0.11 0.41 - 1 . 1 8 1.00
53 2 .8 411 .2 0 .2 0 0.46 - 0 . 9 6 0 .75
572 .2 449 .4 0 .2 7 0 .5 3 - 0 . 7 9 0.58
6 1 1 .7 4 8 7 .8 0.29 0.62 - 0 . 6 5 0 .46
6 5 1 .2 526 .4 0.26 0 .68 - 0 . 5 4 0 .37
6 90 .6 5 6 5 .0 0.19 0.71 - 0 . 4 4 0.31
730.1 6 0 3 .7 0. 12 0 . 7 0 - 0 . 3 6 0.26
769.6 642 .5 0.08 0 .67 - 0 . 2 8 0 .2 3
809. 0 68 1 .4 0.06 0 .6 5 - 0 . 2 2 0.21
848 .5 720.3 0.05 0 .64 - 0 . 1 7 0 . 2 0
887 .9 759 .3 0 .04 0.64 - 0 . 1 4 0 .1 9
927 .4 798 .3 0.02 0 .63 - 0 . 1 1 0 .1 7
96 6 .9 837.3 0.01 0 .6 3 - 0 . 0 9 0.17
1006.3 876 .4 0.01 0.61 - 0 . 0 9 0 .1 6
1045.8
>
915 .5 - 0 . 0 2 0.59 - 0 . 0 8
L________
0 .1 5
TABLE A2.2
Values o f  b' parameters
Pion
Momentum
(MeV/c)
K i n e t i c
Energy
(Mev)
Re b'
3 0 (fm )
Im b 1
3°  (fm )
Re bj  
(fro3 )
Im b 1 
31
( f n O
9 8 . 7 31 .3 - 3 . 9 0 0 . 6 7 9.41 0 . 9 6
138. 1 5 6 . 8 -4.9*5 - 0 .1 6 11.67 2 . 8 7
177.6 86 .3 - 5 .2 8 - 1 . 2 9 13.04 5 .7 7
217.1 118.5 - 4 . 7 9 - 2 .9 6 11.29 10.26
256 .5 152.5 “ 3 .2 7 - 4 . 2 3 6 .6 0 13 .13
2 9 8 .0 187 .7 - 1 . 0 7 - 4 . 1 5 1.08 11.99
335.4 2 2 3 .7 0 .6 5 - 3 .2 0 “ 2.51 8 .7 8
374 .9 26 0 .5 1.36 “2 .1 7 “ 3.59 5 .8 7
4 1 4 .4 2 9 7 .7 1.44 “ 1.39 - 3 . 3 5 3.91
4 5 3 .8 335.2 1.35 - 0 . 8 9 - 2 . 8 4 2 . 7 4
4 9 3 .3 373.1 1.26 - 0 . 5 6 - 2 . 3 8 2 .0 3
5 3 2 .8 411 .2 1.21 - 0 . 3 1 - 2 . 0 0 1.58
572 .2 449 .4 1.16 - 0 . 0 9 - 1 . 7 0 1.26
6 1 1 .7 4 8 7 .8 1.08 0.11 - 1 . 4 6 1.03
651 .2 526 .4 0 .9 5 0 .26 - 1 . 2 4 0 .8 6
69 0 .6 56 5 .0 0 .7 8 0 .3 4 - 1 . 0 5 0 . 7 3
730.1 6 0 3 .7 0 .6 3 0 . 3 8 - 0 .8 8 0 .6 5
769.6 642 .5 0 .5 0 0 . 3 8 - 0 . 7 2 0 .5 9
8O9 .O 68 1 .4 0 .4 0 0 .3 7 - 0 . 5 8 0 .5 5
848 .5 720 .3 0 .3 3 0 . 3 8 - 0 . 4 6 0 .5 2
887.9 759 .3 0 .2 7 O.38 “ 0 .3 7 0 .5 0
9 2 7 .4 798 .3 0 .2 2 0 .3 9 - 0 . 3 1 0 .4 9
96 6 .9 8 37 .3 0 .1 7 O.38 - 0 . 2 7 0 . 4 7
1006.3 8 76 .4 0 .1 5 0 .3 7 - 0 . 2 5 0 .4 6
1045 .8 91 5 .5 0 .1 3 0 .36 - 0 . 2 4 0 .4 5
TABLE A 2 .3
Values o f  the 32 parameter
K i n e t i c 62 (ir+p) 
(G e V /c )2
32 (tt p) 
(G e V /c )2
88 .5 23 .55
9 4 .5 2 7 . 6 7
114,1 2 5 .0 8
119-3 22 .3 8
124.8 2 1 .8 8
142.9 2 1 .2 5
144.1 18.80
150.0 17.0 2 0 . 0
161.9 18.02
166.0 18.02
200 .0 11.5 14.5
2 5 0 .0 13.5 9 . 0
300 .0 11.0 5 .0
350 .0 7 . 8 2 . 5
40 0 .0 5 . 8 2 . 0
45 0 .0 4 . 0 4 . 0
500 .0 2 . 0 5-0
550 .0 0 . 5 5 . 8
60 0 .0 0 . 5 6 . 0
7 00 .0 6 . 5 7 .0
800 .0 5 . 5 8 . 5
90 0 .0 5 . 0 12.0
where q2 is the pion momentum in the pion nucleon c.m. system.
Eq. (A2.4 )  is s u f f i c i e n t  in the region o f  the (3 3) resonance but
a t  high energ ies  h ig h e r  o r d e r  p a r t i a l  waves become s i g n i f i c a n t .  In 
t h i s  work D, F and G- waves have been included in the d e f i n i t i o n  o f  the  
ampli tude but  the forward s c a t t e r i n g  approximation has been made 
ie  0 = 0 .  These e x t r a  terms were added in t o  the f i r s t  term o f  
Eq. ( A 2 . 4 ) .  This procedure was a ls o  fo l lo w ed  by Sternheim and 
Auerbach in t h e i r  c a l c u l a t i o n  o f  the param ters ,  ( S t . 71)*
I f  the forward s c a t t e r i n g  approximation o f  Auerbach e t  al  (Au.67)
is used in the t r a n s fo rm a t io n  from the pion nucleon to the pion nucleus  
system then f i n a l  'parameters o b ta in e d  are
bo = and bl q* v (A 2 - 5)
where the d i f f e r e n c e  between the pion nucleus and lab .  systems has 
been ignored by rep la c in g  q^ by k^. These a re  the pion momenta in 
the pion nucleus and lab .  systems r e s p e c t i v e l y .
These parameters were c a l c u l a t e d  from the phase s h i f t s  o f  
Donnachie (D o .67)  and in c lu de  the e f f e c t  o f  averag in g  over  the Fermi 
motion o f  the nucleons in 'the nucleus .  The r e s u l t s  are given in
Table  ( A 2 . 1 ) .  They agree w e l l  w i t h  those o f  Sternheim e t  al  except  
f o r  the va lue o f  Re b t below 100 MeV and in Re b! and Im bi  around 
600 MeV.
The f i r s t  o f  these d i f f e r e n c e s  is probab ly  due to u n c e r t a i n t y  in
the r a t e  o f  f a l l  o f f  o f  the p a r t i a l  waves near to zero  th e re  being on ly  
t h r e e  po in ts  a v a i l a b l e  below 100 MeV in the t a b u l a t i o n  o f  Donnachie.
The t o t a l  cross sec t io ns  a re  r a t h e r  s e n s i t i v e  to t h i s  d i f f e r e n c e .  I f  
the Sternheim parameters are  used the low energy s id e  o f  the resonance 
is moved down in energy by r^ 20 MeV. F u r th e r  values o f  the phase s h i f t s  
in t h i s  region a re  needed to c l a r i f y  t h i s  p o i n t .
The second d iscrepancy is due to the d i f f e r e n c e  in the and 
D^| wave between the Donnachie and CERN phase s h i f t  t a b u l a t i o n s .
Sternheim e t  al  have used the CERN values (Do.6 8 ) .
In both cases the parameters presented here g ive  b e t t e r  agreement  
w i th  the da ta .  (See the diagram in ( C l . 73) f o r  re s u l t s  using the p a ra ­
meters o f  Sternheim e t  a l ) .
The c o r r e c t  t r a n s fo rm a t io n  from the pion nucleon to the pion nucleus  
c.m. system leads to the so c a l l e d  primed parameters de f ine d  by
There seems to be an e r r o r  in Dedonder’ s paper in the d e f i n i t i o n
o f  the r a t i o ,  q ^ / q z  is i n v e r t e d .  These parameters are in the pion
nucleus c.m. system so the ABACUS-M r o u t in e  was m odi f ied  a p p r o p r i a t e l y
to accept  c.m. q u a n t i t i e s .  The b 1 parameters are given in Tab le  ( A 2 . 2 ) .
C a lc u la t io n s  w i t h  the simple o p t i c a l  model were done using the
Lap lac ian  p o t e n t i a l  o p t io n  in ABACUS-M, s e t t i n g  b x to zero  and using
re d e f in e d  values o f  b ie b + b . .  The f o u r t h  form o f  the s c a t t e r i n go o 1
ampli tude  descr ibed  in Chapter  5 is
b'
l
(A2 .6 )
f"
+
(A 2 .7 )
3 2 was o b ta in ed  from a t a b u l a t i o n  by Lasinski  ( L a s . 7 2 ) ,  by f i t t i n g  the  
data o f  Bussey e t  al (Bus .73) and from the t a b u l a t i o n  in ( A l 1 . 7 3 ) -  The 
r e s u l t s  a re  given in Tab le  (A 2 .3 ) *
The forward s c a t t e r i n g  am pl i tude  is de f in ed  as
r  (6=0)  = ^  o *  ( i  + a * )  (A2.7 )
+ + + 
where a .^ a re  the tt -p  t o t a l  cross sec t io n s  and a a re  the r a t i o s  o f  the
imaginary p a r t  o f  the s c a t t e r i n g  am pli tude .
The Fermi motion is taken account o f  in t h i s  model by using
+
a v e r a g e d  t t  - p  t o t a l  c r o s s  s e c t i o n s .
I t  must be remembered t h a t  the parameters presented here a re  f o r  
c a l c u l a t i o n s  i n v o lv in g  even A n u c l e i .  For odd A nu c le i  the t a b u l a t i o n
■J*
o f  Sternheim must be used and a p p r o p r ia t e  w e ig h t in g  given to  the t t  p and
+ ,
i t  n  v a l  u e s .
APPENDIX 3
In Chapter  5 a d e s c r ip t io n  was given o f  the m o d i f i c a t io n  proposed 
by W i lk in  to e v a lu a t e  the Lap la c ia n  p o t e n t i a l  not  a t  the pion in c id e n t  
energy but  a t  i t s  loca l  energy in the nuc leus.  An equat ion o f  the  
form .
VM = V ( e - V M) (A 3 .1 )
had to  be solved by i t e r a t i o n .  Th is  n e c e s s i t a te d  knowing the b 
parameters as a n a l y t i c  fu n c t io n s  o f  energy.  The r e s u l t s  o f  the f i t s  • 
in the region 0-500  MeV were
Re b = - 2 . 0 2 7  + 0 .1 0 7  x 10"1 x T - 0 . 1 6 2  x TO"1* x T2
. _Q (A 3 .2a)
+ 0 .75 0  x 10 x T 3TT
Tm b  =  0 . 6  (A3-2b)o
Re b 1 = 0 .2 2 7  T^ ( e x p ( - T 2/ 1 1 5 . 2 2 ) - 0 . 2 3 3
x e x p ( - T ^ / l 3 3 * 6 ) )
m b i = 7 . b  e x p ( - ( T 7T- 1 5 2 . 0 ) 2/ 9 3 . 6 5 :
(A 3 .2c)
+ 3.1 X 10~3 (T - 1 5 2 . 0 ) )  +  0 .37 2  (A3.2d)TT
T was then replaced by T -  ReV -  i ImV and the fo u r  equat ionsIT TT ^
became complex q u a n t i t i e s .  The rea l  pa r ts  o f  the bQ equat ions were
and w i t h  b j .  The a c tu a l  q u a n t i t i e s  are  not  given here as they are  
r a t h e r  compl icated  express io ns .
These express ions were in s e r te d  i n t o  a program c a l l e d  ANMODPOT. 
The p o t e n t i a l  was e v a lu a te d  a t  d i f f e r e n t  values o f  r from r = 0 - 5  fm. 
The f i r s t  i t e r a t i o n  was w i t h  V = 0 in the complex form o f  Eq. ( A 3 .2 ) .  
This gave the va lue V 2. Two more i t e r a t i o n s  were performed and then 
use was made o f  a convergence fo rm u la ,
(V -  V ) 2
v = v - — -----£12— (/\3 3 )
n+s n+2 v -2V  +V wo;
n+2 n+i  n
Three more i t e r a t i o n s  were performed and the convergence formula a p p l ie d  
a g a in .  The r e s u l t s  were te s t e d  a f t e r  each i t e r a t i o n  u n t i l  the va lue  o f  
the p o t e n t i a l  was changed by less than 0 . 5  MeV. I n i t i a l l y  2 MeV was the  
c r i t e r i o n ,  but  t h i s  made l i t t l e  d i f f e r e n c e  to  the r e s u l t s .  Th is pro ­
cedure was found to  be u n s a t i s f a c t o r y  below 250 MeV as the i t e r a t i o n  
went in t o  a closed loop a f t e r  a few s teps .  A b in a r y  procedure was i n t r o ­
duced as an a l t e r n a t i v e  method o f  o b t a i n i n g  convergence.  The va lu e  o f  
e was v a r ie d  in steps o f  10 MeV u n t i l  the express ion
F = x - ( e - V ( x ) )
changed s ign .  Here x is the running energy v a r i a b l e  and e the f i x e d  
i n c id e n t  pion energy.
The two values o f  x b e fo re  and a f t e r  the sign change brac ke t  the  
p o in t  F = 0. Th is  was loca te d  by h a lv in g  the energy gap, n o t in g  the  
sign changes in F and choosing the a p p r o p r i a t e  energy region each t im e .  
The c r i t e r i o n  f o r  convergence was t h a t  the d i f f e r e n c e  between the energy
values be less than 0 .5  MeV.
This  procedure was repeated a t  each p o in t  r o f  the p o t e n t i a l  both 
f o r  ReV on ly  and ReV and imV. Even w i t h  the b in a ry  procedure no con­
vergence below 100 MeV was a t t a i n e d  w i t h  ImV included .  The r e s u l t s  f o r  
ReV are shown in F ig .  ( 5 . 8 ) .  Results w i t h  ImV included were no 
d i f f e r e n t  down to  125 MeV which was the lowest  energy a t  which convergence  
was achieved .
One useful  f e a t u r e  o f  t h i s  program was t h a t  i t  prov ided ou tput  
e i t h e r  on cards o r  d is c  which could then be fed s t r a i g h t  in to  ABACUS-M.
In the l a t t e r  case t h i s  was done d i r e c t l y  by c a l l i n g  ABACUS-M from the  
l i b r a r y  on d is c  in the Ru th er fo rd  Laboratory IBM 360 /195 computer.  This
was suggested by D. M. Asbury and C. J. Webb.
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